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The rationality of index investing and paradoxes of indexation
Abstract

This paper explores the logic of actively investing instead of passive indexation investments. The findings of this in-
vestigation incorporate the conventional rationality and tactical investment strategies for active investors. Furthermore,
the paper outlines the definition of “investing rationality” from the angle of conventional academic concepts of ex-
pected returns and risk. However, given that about 90% of stock is actively invested, the reasons for the continued
existence of active investment must go beyond this academic definition of rationality. This paper also elaborates on the
possibility of investors being drawn to active investing not for perceived expectational advantages over index invest-
ing, but rather simply for the sake of investing.
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Introduction

Investors are facing hard choices related to their
ability to optimize their portfolio mix by propor-
tionally allocating equity vs. other investments. This
scholarly investigation focuses on the investment
strategies related to two primary choices of active
investing vs. passive or index investing.

Individuals or financial institutions who prefer in-
vestment strategies utilizing passive investing vehi-
cles such as index funds, index ETFs, ETNs, etc.,
expect, by definition, to receive a gross return equal
to the market average. On the contrary, investments
in actively managed funds or through investment
manager can provide a greater or smaller return in
comparison to the market. The fundamental ques-
tion is whether someone expects to do better with
index (passive) investing vs. active investing. The
conventional wisdom dictates the “rational” choices
of “better” or “worse” investment strategy should be
directly correlated to higher returns of the two alter-
natives mentioned above with risk considerations
always to be present. Hsu and Campollo (2006) in
their scholarly investigation titled “New Frontiers in
Index Investing” reinforced the widely accepted
notion that index investing is a strong strategy for
equity investing since it is inexpensive to implement
and absolutely transparent (Hsu & Campollo, 2006,
p. 33). Furthermore, according to the authors, the
strategy of index investing is highly liquid and natu-
rally well diversified and presents strong capacity.
Evidence suggests that a cap-weighted market index
is an efficient equity investment. Fundamental in-
dexing eliminates the return drag inherent in cap-
weighted indexes (Hsu & Campollo, 2006, p. 58).
The methodology preserves the capacity, liquidity,
diversification and broad-market participation that
are the chief benefits of traditional cap indexes (Hsu
& Campollo, 2006, p. 58). According to Mar, Bird,
Casaveccia and Yeung, capitalization-weighted
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indexes provide the basis for passive investment
strategies designed to capture market performance
(Mar et al., 2009, p. 1). The findings of their re-
search support the overall “proposition that funda-
mental indexation provides an interesting invest-
ment alternative to cap-weighted indexation” how-
ever the research didn’t provide any answers on
whether overall it should be considered “a passive
strategy” (Mar et al., 19).

In his article “Fact and Fantasy in Index Investing”,
Kirzner focuses on the ability of investors to deter-
mine suitable investment strategies. According to
Kirzner, investors face “two broad choices of meth-
odology — “passive investment” and “active selec-
tion” (Kirzner, 2000, p. 7). The author identified
two broad dilemmas faced by investors related to
investment policies and investment strategies. In his
view, investment policy incorporates three crucial
steps including: 1) “strategic asset allocation”
(which percentage of capital should be devoted to
each primary investment class); 2) “dynamic asset
allocation” (setting guidelines for when and how to
make changes in investment holdings in order to
restore overall portfolio mix back to its original
target); 3) “tactical asset allocation” or “‘market tim-
ing” (adjustment of the “target portfolio mix in an
attempt to increase returns by anticipating changes
in economic conditions) (Kirzner, 2000, pp. 7-9).
Eventually, Kirzner concentrates on passive invest-
ment strategies and presents “four paradigms” for
successful index investing including: selection of
right strategic asset-allocation mix (Markowitz Port-
folio theory and diversification principles), incorpo-
ration of large equity component in the portfolio,
passive investing supported by extensive studies and
focus on a specific implementation strategy
(Kirzner, 2000, p. 24). The research attempts to
convince that passive investment is the best chance
of growing capital since “passive portfolios have
closely tracked the target indexes, minus minimal
expense adjustments, while active equity investors
in Canada and the US have, on average, underper-
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formed market indexes — typically by as much as
3% per annum” (Kirzner, 2000, p. 49).

Our primary assumption is based on the notion that
all active investors are rational (as we said before,
this is a rather strong assumption) and they prefer
active investment vehicles instead of passive. There-
fore, according with this assumption, the expecta-
tions for the return from this type of investing
strategies are higher than index investing. Conse-
quently, investors expect to do better utilizing these
active investment strategies vs. passive or index
investing. However, that means that investors expect
to do better than the market since, as it was men-
tioned above, index investing provides them only
with a gross return' equal to the market average.

At this point, it is important to integrate the concept
of “rational investment” or “rational investor” into
the conceptual framework of this investigation.
Thus, we assume that in accordance to the concept
of “rationality” of investment strategies, investors
who would expect “to do worse than the market”
prefer passive or index investing rather than active
investments. However, since with relatively few
exceptions the market consists of only active and
passive investors, and the index investors have a
gross return equal to the market average, then the
rationally expected gross performance of the group
of active investors must also be the expected market
performance” (the definition of “performance” could
encompass risk as well as expected return). There-
fore, it would be impossible for all active investors
to rationally expect to do better than the market. If
some active investors expect to do better than the
market, then other investors must expect “to do
worse than the market”, assuming they all had ra-
tional expectations.

In a market consists of only investors possessing
rational expectations it is impossible to have any
active investors at all. As the above paragraph
points out, no active rational investor would expect
return or performance below market average. With-
out any investors expecting to do worse than the
market, then no investor including active investor
will be able to do better than the market. Given that
the management fees and transactions costs are

' The net return of indexing could be less than the market average
because of fund management fees and transactions costs. However,
those fees are significantly less for index investing than for active
investing.

2 If this is not obvious, then realize that the expected market average
performance will be a weighted average of the expected performance of
the active investors and the expected performance of the index inves-
tors. Mathematically, where w is the fraction of the value of stock under
active management, u=wa+(1-w)y, where u is the expected market
performance and a is the expected performance of the active investing.
(Remember that the index investors have an expected performance
equal to the expected market performance.) Solving for a gives a = g
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greater with active investing than with index invest-
ing, this would imply that all investors in such a
market would prefer passive investments or indexa-
tion. This leads to the “Indexing Paradox:

Assume (i) investors have rational expectations, (ii)
investors make rational decisions, (iii) investors
have a common risk-averse investment performance
measure, and (iv) indexing results in a return equal
to the average market return. Under these assump-
tions, no investor can expect to do better than the
market. If the cost of indexing is less than the cost
of active investing, then all investors would index,
which would result in no mechanism to price the
possible investments.

Despite the logic of the Indexing Paradox, we see
about 90% of stock under active management.
While the existence of the active investment helps
preclude a collapse of the stock market, we need to
ask why is this stock under active management. By
the Indexing Paradox, if there is active management
then there must exist irrational investors. If there are
irrational investors, then it could make sense for
other rational investors to actively manage if they
expect to do better than the market. Imagine that
someone realized that there are irrational investors
out there (irrational in the sense that they are delu-
sional, thinking that they expect to do better than the
market when in fact they are expected to do worse
than the market). Roughly speaking, up to almost
half of the active investors may be rational, ration-
ally expecting to do better than the market, as long
as the other half of the active investors would be
delusional.

Now if you realized that you yourself were one of
these delusional active investors, then you would
switch to indexing. Therefore, your continuation at
being an active investor indicates that you believe
not only that you expect to do better than the mar-
ket, but you believe that you are one of the rational
investors who rationally expect to do better than the
market. However, that must be the case with all the
active investors, both rational and delusional. In
other words, all active investors believe they are not
the delusional ones. Thus, even though you believe
you can do better than the market, there is a 50%
chance that you are one of the delusional active
investors rather than one of the rational ones. There-
fore, why is it that you believe you are one of the
rational active investors and not one of the delu-
sional active investors?

The above paragraph shows why it should be so
hard for investors going through rational thought to
continue being active. Perhaps, investors do not
fully understand the Indexing Paradox and when
this and other papers on the Indexing Paradox are
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published, more investors will switch to index in-
vesting.

An alternative reason for the existence of active
investing can be seen by looking at the analogy with
sports. People have the option of engaging in sports
or not engaging in sports. If their objectives were to
maximize their winning records, with wins being
+1s and losses being —1s, then people choosing not
to engage in sports would be like index investors
getting a win/loss score of 0. On average, those
people who do engage in sports will also have a
win/loss score of 0. Why do these people choose to
engage in sports? Is it because each expects to have
a win/loss score greater than zero at the end of the
season? If that were the case, half would be irra-
tional because on average the win/loss score would
be zero — half of the players would have more wins
than losses and half would have more losses than wins.

However, in the real world people will engage in
sports even if they are rational, even if they expect
they will not have a winning record. People have a
natural drive to compete. People engage in sports
because they enjoy the game, they enjoy the compe-
tition; they do not just play the game with the expec-
tations of having a winning record. They may all
“hope” to have a winning record, they may all
“strive” to have a winning record, they may all
“dream” about having a winning record, but they
may realize that they all cannot rationally “expect”
to have a winning record, they may realize that the
number of winners will equal the number of losers.

Many may approach investing much as a sport.
Many may view investing as a grown-up ‘“‘sport” or
game. Just as they are motivated by the excitement
of a sports game, they may be so motivated by the
investing game, trying to compete with other inves-
tors. While they “hope” to do better than the market,
while they “dream” about doing better than the mar-
ket, while they “strive” to do better than the market,
they may realize that on average, they will be unable
to do so. Nevertheless, they continue to actively
invest anyway because of the “sport” of the game of
investing. Just as an athelete may identify his/her
worth based on his/her performance in his/her sport,
so might an active investor’s identity being tied to
his/her performance in the stock market. For such
investors, index investing would be too boring, it
would not be a game. To them, actively investing in
the stock market is a game.

This is similar to explanations given why people
gamble. Some, including Milton Friedman, have
rationalized gambling with risk-loving utility func-
tions. However, another explanation of why people
gamble when they also possess insurance policies, is
because of the game qualities of gambling.

While investors, treating investing as a game, would
explain why some investors continue to actively
invest despite the evidence that they cannot ration-
ally expect to do better than index investing, this
cannot explain why so much of our market actively
invests. Much of the stock under active investment
is by people who are quite ignorant of the markets
and feel uncomfortable making their own invest-
ment decisions. These investors are not in the mar-
ket because they enjoy the competition of the
“game” of investing.

Our view of why these investors are actively invest-
ing is because of the retail marketing of investment
services. Ignorant investors go to full service bro-
kers or financial planners for financial advice about
investing their money. Since these brokers or finan-
cial planners earn more commissions on active in-
vestment options than indexing investment options
they provide to their clients, or because the brokers
or financial planners enjoy the “game” or “sport” of
investing, they steer their clients in the direction of
active investing instead of index investing. We in
the Finance profession must recognize how much of
our financial market place is determined by the
marketing of financial services, which often goes
against market efficiency. This should be especially
clear now following the last year of revelation after
revelation about the conflict of interests between
analysts and the investment banking services pro-
vided by their employers of the companies being
analyzed.

This completes the main argument of the paper.
However, many readers may be unconvinced about
the Indexing Paradox. They may wonder if the In-
dexing Paradox applies to when stock performance
considers risk as well as expected return. They may
wonder if it depends on an assumption of market
efficiency (It does not). They may wonder if it ap-
plies in a world where investors differ in their in-
formation or their ability to analyze data. To dem-
onstrate the broad applicability of the Indexing
Paradox, the next two sections present a rigorous
equilibrium model of expected utility maximizing
investors possessing different degrees of compara-
tive informational advantages and disadvantages.
Later sections of the paper will use this model to
demonstrate the wide applicability of the Indexing
Paradox.

1. Basic description of the model

This one-year model consists of a positive number
of expected-utility-maximizing investors (m) and a
positive number of stocks (1), where the value of the
stock one year from now (which is the stock's termina-
tion value) depends on a particular probability distribu-
tion. For simplicity, this model uses a common distri-
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bution for each stock. Investors do, however, have
different comparative informational advantages and
different information sets and thus generally have
differing expectations. So that investors have the same
performance measure, we assume that the investors
have identical risk-averse utility functions of return.
Each investor attempts to maximize the investor’s
expected utility given the investor’s information set by
choosing whether to actively invest or to index and, if
the investor chooses to actively invest, then choosing
what fraction of the investor’s initial wealth to invest
in each stock.

Fixed quantities of stock exist. A full equilibrium ex-
ists when (1) each investor maximizes his/her expected
utility given his/her information set, and (2) the result-
ing demand for each stock equals this fixed supply of
each stock. The computation of this full equilibrium is
very complex because investors know the equilibrium
prices of the stocks, but those equilibrium prices them-
selves depend on the stock demands of the investors
and hence at least partially reflect some information
(See Grossman and Stiglitz, 1980). Instead of directly
computing the full equilibrium, we present a sequence
of quasi equilibria that lead to a full equilibrium. A
quasi equilibrium differs from a full equilibrium in that
investors do not take into account the informational
content of prices when they maximize their expected
utility. This sequence of quasi equilibria also tells a
story about how the Indexing Paradox would unfold.

The indexing methodology we use is where an in-
dexing investor owns an equal portion of every ex-
isting stock. An investor j using this indexing

Wi
———— p;s; amount of

n
Zpksk
=1

money into stock i, where p; is the price of stock i, s;
is the supply of stock 7, and w; is the wealth of in-
vestor j. This implied index is a weighted average
index of all stocks in the stock market'.

method would invest

Because of the complexities of the model, we are
unable to find a closed-form algebraic solution of
the model. Instead, we use a combination of Monte
Carlo simulations and computer numerical analysis.
Even with the computerization, the task of maximiz-
ing expected utility for each investor is too time
consuming for our computers. Instead, we maximize
a proxy utility function of expected portfolio return
and standard deviation that seems to generate results
sufficiently consistent with maximization of ex-
pected utility.

! This indexing methodology and indeed the Indexing Paradox can be
extended to any market of risky assets as long as we know the prices
and existing quantity of those assets. However, for readability this paper
will refer to these assets as stocks.
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The Monte Carlo simulation generates values for the
random variables of the model. For these random
variables the computer iterates through the follow-
ing process:

1. Using numerical methods, the simulation deter-
mines for each investor the fractions of funds
that the investor invests in each stock in order to
maximize the investor’s proxy utility function of
expected portfolio return and standard deviation
conditional on the information the investor has
with the exception that the investor ignores any
informational content in prices.

2. The computer determines the excess demand or
supply for each stock and then increases or de-
creases the prices to move toward equilibrium.

Eventually, the computer reaches a quasi equilib-
rium. The computer then repeats this process by
generating a new set of values for the random vari-
ables and redetermining the quasi equilibrium for
those random variables. For each simulation in this
paper, the computer conducted 70 sets of these ran-
dom variable realizations to create a very good
“sample” of the possibilities. We then compare how
each investor did relative to the performance of
indexers. When the Monte Carol results show an
active investor expects to do worse than the index-
ers, we switch that investor to being an indexer and
then repeat the process all over again.

While we do use a proxy utility function to deter-
mine the investors’ “optimal” choices, we use the
actual utility function to compute the average of the
utilities across all simulated realizations to get what
we call “the after-simulation expected utility” for
each investor. Given the theoretical nature of this
model and our assumption that investors have the
same utility function, we use the after-simulation
expected utility as the common performance
measure.

The next section discusses the mathematical details
of the model. Readers should be able to skip that
section if they choose and still be able to get a gen-
eral understanding of the rest of the paper.

2. Mathematical details of the model

This one-year” model assumes there are m investors
and n stocks. The investors invest their money at
time O and spend their money at time 1. Stock i’s
value at the end of the period is

Vi :kiui+(1_ki )771" (D

2 Many modelers talk about this type of model as being a two-period
model. We prefer to think of it as a one-period model with a beginning
and an end. Investors invest at the beginning of the period and consume
at the end of the period.
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where v; is the value of stock i at time 1, and u, and
n; are independent random variables, each with a
standard exponential distribution. Both u; and 7,
represent unsystematic risk. (For simplicity, this
model does not include any systematic risk.)
However, u; is somewhat predictable depending
on ones comparative informational advantage,
while 7; is completely unpredictable for all inves-
tors. Equation (1) states that the value of stock i at
the end of the period depends on the weighted
average of u; and 7,. For the simulations in this
paper, k; equals one half, where v; is equally de-
termined by u; and 7,

Each investor j has his or her own comparative in-
formational advantage at predicting the value of
stock i. Investor j’s comparative informational ad-
vantage is represented by g;, which can range be-
tween 0 and 1. Each investor j observes a related
random variable y; that gives some information on
u; depending on the value of g;. The observed ran-
dom variable is given by:

yijzgijui+(1_gij)gij; (2)

where ¢; is a random variable that has a standard
exponential distribution and is independent of ; and
n,. As stated before, g; represents investor j’s com-
parative informational advantage at predicting the
value of stock i. If g; equals 0O, then y; provides no
predictive information about u; If g; equals 1, then
yij can perfectly predict u;.

Below are four cases depending on the value of g;
and the conditional expected value of #; and its con-
ditional variance under those cases:

Case 1: g =0. Ej[u; | y;1 = 1 and var[u; | y;] = 1 as
y;j provides no information on ;. Therefore, Ej[u; |
vl and var;j[u; | y;] equal the unconditional expected
value and unconditional variance of u;, both of
which equal 1 since u; has a standard exponential
distribution.

Case 2: g; = 1. Ejlu; | y;] = y; and varj[u; | y;] = 0.
By equation (2), y; = u; which means y; provides
complete information on u,.

Appendix A derives the results given below for

cases 3 and 4:
2

Case 3: gi=Y2. Ejlu;| y;] = y; and varju; | y;] = y—

3
Case 4: g; € (0, Y2) L (Y21).
~ 1- 2gij .-
Where y, = —————— ;. the conditional expec-
gij (1 - gij)

tations and variances of u; are:

1-g. y.
E lu. L= Y 1+ U~ s 3
.I[ l|ylj] 1_2gij [ l_e)'i/j ()

2 ~ 2
1-g; " 5
var;[u; | y;1= 8y 1—[4) e’ | 4)
1-2g; 1-e’

Next, we need to determine each investor’s expected
value and variance of each future stock value condi-
tional on their information about y;. Returning to
equation (1), since u; and 7; are independent, and 7,
has a standard exponential distribution,

Ej[vi|yij]:kiEj[ui|yij]+(1_ki)’ 5)

var,[v, |y, 1=k var,[u, | y; 1+ (1—k,)’. (6)

The return on stock i equals
_Vi—PDi

Vi 1 where p; is the price of stock i
pi pi

at the beginning of the period. Therefore, the ex-

pected return on stock i and the variance of that

return conditional on Yy, are:

E[v, | Vil B

i

r.

1

Ejlr|y;l= L, 3

var [v, |y,

var,[7; | ;] =’[—'2|y”]. 4)

1
These expectations and variances for investor j
are conditional only on y; for i=1.n and not
prices. However, the prices will at least partially
reflect the information observed by all investors.
Ignoring this informational content of prices
could lead to significant expectational errors.
However, we will find that the sequence of quasi
equilibria that results from low performing active
investors switching to indexing does lead to a full
equilibrium where investors do not make those
expectational errors.

We assume that investors have identical utility
functions and that their desire is to maximize their
expected utility. Each investor j’s utility function

is U( rjP) = In(/+ rjP) where In(.) is the natural
logarithm and rjp is the return on investor j’s

portfolio. Given that this is a utility function only
of return and not wealth, relative risk aversion
should be constant; the logarithmic utility func-
tion does have a constant relative risk coefficient
of one.

Equilibrium is defined when the following conditions
hold:
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1. Each investor j maximizes his/her expected utility
conditional on his/her information on y; and p; for
stocks i=1..n by (a) choosing whether to analyze
or index, and (b) if an analyst, choosing the frac-
tion of funds to invest in each individual stock.

2. All stock markets clear.

A quasi equilibrium is defined when the investors who
engage in active investing and who index are given
and the following conditions hold:

1. Each active investor j maximizes his/her expected
utility conditional on his/her information on y; for
stocks i=1..n.

2. All stock markets clear.

The differences between a full equilibrium and a quasi
equilibrium are two: First, for a quasi equilibrium,
whether an investor actively invests or indexes is
given; for a full equilibrium, the investor determines
whether to engage in active investing or indexing
based on expected utility maximization. Second, for a
quasi equilibrium, the investor ignores the informa-
tional content of the individual stock prices; for a full
equilibrium, the investor does take that information
into account.

A closed-form solution of the quasi equilibrium of this
paper is not possible. Instead we conduct Monte-Carlo
simulations, and use computer numerical methods to
both solve the investor’s maximization problem and to
determine the prices where demand equals supply for
each stock. To simplify our analysis, we use a proxy
for maximizing each individual i’s expected utility.
This proxy, a utility function of the expected value and
standard deviation of the portfolio return, is a straight

average of the following two values: U(1+ rjp +c* O'f )
and U(1+ riP -c* O'f) where c¢ is a constant, r].P is the
return on the portfolio for individual j, O';D is the stan-

dard deviation of the portfolio for individual j, and U(.)
is the investor’s utility function.

n =10 (# of stocks)

m = 10 (# of investors)

w;j= 1 for each investor j (wealth)

s; = 1.1 for each stock i (supply of stock)

k;= 0.5 (portion of stock value related to
information variables)

Fig. 1. List of parameter values for basic Monte Carlo
simulation

Currently we are using ¢ = 2, which seems to give
results sufficiently consistent with true expected
utility maximization.

3. Analysis and results

For a simulation of ten investors and ten stocks, Table
1 presents the expected returns, standard deviations,
and utilities for each investor depending on how many
of the investors are indexers. Investors are ordered
from lowest to highest by their comparative informa-
tional advantage (Investor j’s comparative informa-
tional advantage variable, g, equals (j-1)/(m-1) for all
stocks 7 and for all investors j, where m is 10, the num-
ber of investors). Table 1 depicts a story where inves-
tors with lower comparative informational advantages
switch to indexing when they realize they are expect-
ing to do worse than the market and, hence, worse than
indexing.

When all investors are actively investing, the after-
simulation expected portfolio returns for investors
1, 2, 3, and 4 are negative. These investors’ be-
fore-simulation expected returns were positive.
This before-simulation/after-simulation discrepancy
in expected returns results from investors, in a quasi
equilibrium, making expectational errors because
they ignore the information reflected in prices.

Once investors realize that they will make those
expectational errors, they take corrective action.
One way they can take corrective action is to
switch to indexing. To determine if these inves-
tors would be better off actively investing or in-
dexing, it is best to look at the after-simulation
expected utility of each investor, which accounts
for both expected return and risk. When all inves-
tors are analysts, investors 1, 2, 3, 4, 5, and 6 have
lower expected utilities than the 6.04 centi-utils'
they would have experienced had they indexed.
As a result, those six investors switch to indexing.

When all investors are analysts, investors 7, 8, 9,
and 10 expect to do better than the market. How-
ever, when the other investors switch to indexing,
investors 7 and 8 find their expected utilities being
below the market average of 6.05 centi-utils, which
is the expected utility of an indexer. The reason is
that the active investors as a whole can only do as
well as the market average, and, if investors 9 and
10 do better than the market average, then others
must expect to do worse than the market average.

Table 1. Simulation results with no margin trading

Expected returns and standard deviations

Expected utility (centi-utils)

Number of indexers

Number of indexers

Investor 0 6 8 9 0 6 8 9
1 -2.73% 9.20% 9.20% 9.19% -7.03 6.05 6.06 6.05
(27.8%) (24.6%) (24.6%) (24.6%)

" A centi-util is defined as 1/100th of util.
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Table 1 (cont.). Simulation results with no margin trading

Expected returns and standard deviations Expected utility (centi-utils)
Number of indexers Number of indexers
Investor 0 6 8 9 0 6 8 9

2 -2.76% 9.20% 9.20% 9.19% -7.15 6.05 6.06 6.05
(28.0%) (24.6%) (24.6%) (24.6%)

3 -0.61% 9.20% 9.20% 9.19% -4.64 6.05 6.06 6.05
(28.1%) (24.6%) (24.6%) (24.6%)

4 -0.80% 9.20% 9.20% 9.19% -5.5 6.05 6.06 6.05
(29.8%) (24.6%) (24.6%) (24.6%)

5 2.39% 9.20% 9.20% 9.19% -1.98 6.05 6.06 6.05
(28.4%) (24.6%) (24.6%) (24.6%)

6 11.20% 9.20% 9.20% 9.19% 5.63 6.05 6.06 6.05
(34.6%) (24.6%) (24.6%) (24.6%)

7 13.80% 4.97% 9.20% 9.19% 8.49 0.16 6.06 6.05
(34.4%) (82.2%) (24.6%) (24.6%)

8 19.40% 6.41% 9.20% 9.19% 13.88 2.75 6.06 6.05
(32.2%) (26.9%) (24.6%) (24.6%)

9 25.60% 12.30% 8.66% 9.19% 19.61 8.78 5.35 6.05
(30.7%) (25.7%) (25.4%) (24.6%)

10 26.30% 13.10% 9.73% 9.18% 20.5 9.76 6.60 6.05
(30.6%) (25.0%) (24.7%) (24.6%)

Indexers 9.18% 9.20% 9.20% 9.19% 6.04 6.05 6.06 6.05
(24.6%) (24.6%) (24.6%) (24.6%)

Note: Shaded area represents indexers. A centi-util is one one-hundredth of a util.

Because they expect to do worse than the market if
they remain analysts, investors 7 and 8 switch to
indexing. While investor 9 expected to do better
than the market before investors 7 and 8 became
indexers, when all but investors 9 and 10 index,
investor 9 has an expected utility less than the mar-
ket average of 6.06 centi-utils. Therefore, investor 9
also switches to indexing. However, when only in-
vestor 10 remains as an active investor, his/her ex-
pected portfolio return, standard deviation of return,
and expected utility are then the same as the market
average.

The quasi equilibrium where only investor 10 is
actively investing is also a full equilibrium. Since
the model does not assume any cost of active invest-
ing (or of indexing), investor 10 is indifferent be-
tween active investing and indexing. As a result,
investor 10 is maximizing his or her expected utility
in this quasi equilibrium. Also, since the only in-
formation that can be reflected in prices is the informa-
tion investor 10 directly observes, investor 10 is al-
ready fully using this information. The other investors
in the market must also be fully using the information
reflected in prices, because obviously they cannot use
that information to do better than investor 10 who
directly observes that information and they are already
doing as well as investor 10 by indexing'.

This Monte Carlo simulation clearly demonstrates
how the Indexing Paradox unfolds in an environ-
ment where performance is based on risk as well as

expected return and investors have different infor-
mation sets or different information abilities.

Summary, conclusions, and reflections

The Indexing Paradox states that if all investors are
rational having a common performance measure,
then in a market consisting of only rational inves-
tors, no active investor can rationally expect to do
better than the market. Therefore, since there are
active investors, we may conclude that some inves-
tors are irrational. However, if the active investors
realized this, then they would realize that each ac-
tive investor believes he/she can expect to beat the
market. Since half of these active investors must be
delusional, the active investors may find it hard to
continue actively investing given the 50% probabil-
ity that they themselves are delusional.

However, the reason that the active investors do not
switch to indexing, may be because investors are not
only concerned about the risk and return of their

! That stock prices could only partially reflect information and not fully
reflect information that was shown in a model by Grossman and Stiglitz
(1980). The randomness in that model that caused the less-than-full
reflection of information stemmed from randomness Grossman and
Stiglitz assumed in the supply of the risky asset. However, the supply
(the number of shares outstanding) of stock is public information in
reality and that public information is the basis for indexing. Neverthe-
less, using random components on the demand side rather than the
supply side can salvage the Grossman and Stiglitz’s results. That is the
approach taken in this paper. We make no assumptions about the inves-
tors’ knowledge of other investors’ wealth or their utility functions. If
individual investors are uncertain of this knowledge, then prices would
only partially refect information.
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stock portfolio, they may also gain utility from en-
gaging in the “game” or “sport” of investing.

While the “sport of investing” could explain why

securities markets, recent events such as the conflict of
interests between analysts and their investment bank-
ing employers highlight all too well the incongruency

between the marketing of financial services and the
actual needs of investors. Investors searching out
handholding in the financial marketplace, end up being
advised into active investing because of the greater
amount of commissions to be made by those doing the
handholding.

some remain actively investing in the market, it does
not explain why so many investors needing ‘“hand-
holding” end up actively investing. We propose that
the reason for this has more to do with the marketing
of financial services than rationality. While many
have argued about the price efficiency of the financial
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Appendix

Derivation of Expectations and Variance Terms
This appendix derives the formulas for E;[u;]y;] and var;[u;|y;] for cases 3 and 4.

Case 3: g;=Ya:

i

In all cases, the probability density function of u; and &;is f (u,, &)= e "% for u0 and £=>0 as u; and &; are inde-

pendent standard exponential random variables; this probability density function equals O whenever u; or g&; is less than

U, +&

zero. In case 3 with g;=Y2, equation (2) becomes y; = Y

. Therefore, the cummulative probability distribution

function of u; and &; is

2)’1‘; 2y _y g 2yij _ 2y
_ b i€ _ up Yij
F(u,,y;)= J;) L e dude ; = J. e e u; .

0

0 0
Since the probability density function of u; and y; is 6__ F(u,,y u) , the probability density function of #; and y;
u; oy;

is f(u;,y;)= ZyUefzy” . By integrating out u;, we get the probability density function of y; by itself:
25y -2y, 2 2y
Ey (yy ):L 2y,e “du;=4y;e .
The conditional probability density function of u; given y; is
-2y,
Fuyly, )= Teds) Zye 7 ]
RSN - 2y; :
Fy(y;)  dye™ 2y

In other words, the conditional probability density function of u; given y; is uniformly distributed between 0 and 2y;;.
Therefore, the conditional expectation and conditional variance of u; are:
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E[ ‘yu] ,[ du _ylj’

valu]y, |- rw I =

Case 4: g € (0,%2) U (1/2,1).
The derivation of the conditional expectations and the conditional variance follows the same logic as in case 3, but the
1-2g,
g;(-g;)

~

resulting equations are much more complex. To simplify the equations some define Yy = Vi - Then equa-

tion (2) becomes

1-2g, +1—2g[j
1-g; 8

The cummulative probability distribution of u; and yl] is

~

Yi =

8ij 5 4 8ij

- 8ij ~ 8ij 8ij - 8ij 3, U;

_ 5.
~ Yij Yij i - 1-2 ‘..”f 1-g;
F(ui’yij)zjol o Jl 26" s e " Vdeydu, —Il 2,7 1= O gy

0 0 !

0 O
The probability density function of u; and le is ——F(u,, yl] )=

ou, yU
it}
1-2g; Vi 1-g
u,, ——e ! 'oforu, €| 0,———y, |
f @, y,) 1“2, —2g, "

For u; outside this range, the probability density function equals 0.

By integrating out u;, we get the probability density function of yij by itself:

1-g; 5 1_ 8 y
g) s [121}1/
F; (yu) J-l 26, f(ul,yu)d ”2 [l—e y”]e )
il 2 U’
The conditional probability density function of u; given y; is

u.,y.,) 1-2g. =8y )
fl,y,) 8| e for uda

f(ul|yz)= - _3 1
CTR O legy | 1-e 1-2g

For values of u; outside this range, fluy;) = 0.
Using this conditional probability density function, we can determine the conditional expectation of u; given y,.j :

l-g; _

¥ 1-g; Vi
E[u|yU] J-”gu uf(u|yu)du = " 2gj (1-1—1 ’LJ
-2g, e

This is equation (3).
Also, using the conditional probability density function, we can determine the conditional expectations of uiz given

y;; and then we can determine the conditional variance of u; given y,;:

ey o . o
Efu|5,]= [0 ul f(u,| 5, )du, = 11—2g; 2+‘y; +622,va
ij -
1—o Y[ SR
ol {5
i)l

The conditional variance above is equation (4).
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