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The pension separation theorem
Abstract

The Tobin’s separation theorem, a pillar of classic portfolio theory asserts that single-period mean variance efficient
(MVE) investment portfolios, consist of combinations of the risk-free asset (the single period zero coupon bond
(“ZCB”)) and the market portfolio. In this paper the theorem is generalised to combinations of the market portfolio and
risk-free assets such as bonds and annuities; securities with cash payoffs before end-of-term over the same single pe-
riod. This apparently simple extension has immediate and far-reaching application to world’s multi-trillion dollar pen-
sion industry, for retirees exiting defined contribution (DC) funds with their individual lump sum which they must
convert to a retirement income stream (RIS). An optimal pension portfolio under the mean variance criterion (MVC) is
formed by splitting the lump sum into two parts. With one part, a riskless income asset (government-issued annuity
bond for instance) is purchased, while the residual is invested in the market portfolio over the annuity term to reinstate
capital. MVE pension portfolios can be used to mitigate investment, inflation, liquidity and longevity risk and are pref-
erable under criteria other than mean-variance to account-based drawdown currently favoured by many lump sum
retirees. A case study in the Australian pension context is provided. Existence of efficient RIS portfolios has policy
implications for government infrastructure provision to support lump sum retirees in the pension phase.

Keywords: mean-variance criterion, separation theorem, lump sum conversion, retirement income stream, capital

reinstatement, government pension phase infrastructure.
JEL Classification: C61, G11, G12.

Introduction

Conversion of a retirement lump sum to an income
stream is a problem of increasing significance in
organization for economic co-operation and devel-
opment (OECD) countries. The Watson Wyatt
global pension asset study for 2010 estimated pen-
sion assets in 13 major pension markets of the study
to total 23.3 trillion USD, representing a weighted
average 70% of GDP for the countries surveyed.

1. State sponsored private pension schemes

In countries in which nationally coordinated private
pension schemes are in place for employees, a large
and increasing proportion of pension assets are in
DC funds, necessitating retirees to convert their nest
egg into an income stream for the indefinite period
of their residual lives. “Participant-directed defined
contribution plans have become the cornerstone of
the private sector retirement sector around the
world” (Mitchell and Utkus, 2003).

In DC funds investment risk is transferred to the
individual. Usually a statutory proportion of gross
income is contributed regularly (often compulsorily)
into an employee member’s fund account. The
member has some choice in the sort of investment
portfolio into which contributions are paid. Over
working life the account balance is expected to grow
providing a termination lump sum used to fund re-
tirement. At cessation of employment beyond some
preservation age the lump sum becomes available to
generate the employee’s pension. Retiree members,
who exit DC funds, will always be faced with deci-
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sions about converting a lump sum benefit into a
secure income stream for their residual lives. How
can this best be achieved?

1.1. Optimal retirement income stream litera-
ture. Ever since Yaari (1965) propounded that in
the absence of a bequest motive, rational persons
would annuitize all their wealth at actuarially fair
prices, various authors have attempted to explain
why such a small proportion actually do so (see
Blake and Hudson, 2000; Milevsky and Young,
2001). In the literature of retirement income
streams, the MVC of Markowitz portfolio theory
has been ignored. Considering its paradigm standing
in finance, at the very least its implications for lump
sum conversion should be plainly available for all to
see. All sorts of criteria other than mean-variance
have been tried in the quest to find an optimal way
to convert a retirement lump sum into an income
stream in the face of the various hazards to which
lump sum retirees are exposed in the pension phase,
none with conspicuous success. There is a large
literature in financial economics concerned with
“mutual fund theorems” in which the problem of
managing risky asset holdings of an investment
portfolio while consuming income from it is inves-
tigated in continuous time. Perplexingly, the prob-
lem has been taken out of the mean-variance
framework, for which there is no literature, into a
utility function setting. Starting with Merton (1969;
1971) mutual fund theorems like Tobin’s separation
theorem are derived. For developments in this vein
see the references canvassed in the review papers by
Sethi (1995), Cadenillas (2000), Pratelli (2005) and
Bayraktar and Young (2008). While such studies
shed light on investor/consumer behavior, they are
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dependent on and limited by assumptions about
investor preferences as captured by classes of utility
functions, and are also dependent on (often elabo-
rate) theories of market structure.

Tobin’s original result simply involves a choice
about how much cash and how much market portfo-
lio to hold. The pension separation theorem provides
a solution to the optimal RIS problem in precisely
this vein. It determines credible, simple and appli-
cable strategies that accord both with observed evi-
dence about how retirees are funding their retire-
ment and with general expert opinion about funda-
mentals which should underpin lump sum conver-
sion. In particular, it identifies strategies that defer
full annuitization of lump sums in favor of taking a
minimum consumption income, while taking advan-
tage of the expected high returns from medium to
long-term investment in shares. If retirees have a
bequest motive, so that at older ages they are indif-
ferent (apart from consumption income) as to
whether their remaining retirement monies are di-
rected to themselves or accrue to their estate, they
will never fully annuitize. Eventual discovery of
these strategies was foreseen by Trott (2005) and
Updegrave (2006). The very existence of a mean-
variance efficient class of RIS strategies has policy
implications for government. Instead of abandoning
lump sum retirees at the completion of the accumu-
lation phase of the scheme, as happens at the mo-
ment, governments could take an active role in the
pension phase providing infrastructure by issuing
part of public debt in the form of rolling annuity
bonds of medium term, to assist retirees with their
pension portfolios.

1.2. Life annuities and drawdown. What evidence
exists suggests that lump sum retirees are, for the
main part, providing themselves with income by
regular drawdown from managed funds. In many
countries governments provide in the pension phase,
if not guidance, at least tax incentives to use ac-
count-based pensions. In Australia, where the total
funds under management in the Superannuation
Guarantee Scheme (SGS) is just over one trillion
dollars (ASFA, 2009), new pensions offer tax-free
income streams if minimal annual drawdown condi-
tions are fulfilled. Over the twelve months to March
2007, sales of account-based pensions and annuities
totaled about § 1.39 billion compared with sales of
life annuities of just $ 29 million.

“Basically, Australian consumers are not very inter-
ested in financial products which offer a low im-
plicit rate of return, have high fees and which have
nil capital value on the death of the primary or re-
versionary beneficiary” (Clare, 2007, p. 7).
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These figures are affirmed in other studies. In US,
over the years of 1992-2002 only 8 percent of retir-
ing health workers on DC schemes chose to an-
nuitize (Glickman and Kuehneman, 2006). Lump
sum retirees certainly want to retain control of their
capital. In Australia, in 2009, for the first time, the
self-managed superannuation funds sector emerged
as the largest sector in the superannuation industry,
in terms of consolidated assets. The largest segment
of this sector resides in the retirement phase (Aus-
tralian Government Publication: Statistical Sum-
mary of Self-Managed Funds, 2009).

2. Tobin’s separation theorem

Nobel laureate James Tobin (1958) demonstrated
that the construction of a MVE investment portfolio
can be separated into two distinct operations:

¢ selection of an efficient portfolio of risky assets
that does not depend on preference; and

¢ combination of this portfolio with a riskless
investment.

Only the per dollar allocation between the risky
portfolio and the riskless investment depends on
investor preference. The result is also known as the
mutual fund theorem.

Within the mean-variance framework, the efficient
portfolio is the market portfolio.

“If all investors have the same view of the market
and seek mean-variance efficiency, then it follows
that all investors mix the same portfolio of risky
assets and this must be the market portfolio”
(Markowitz, 2007).

The Tobin separation theorem underpins the capital
market line (CML).

2.1. The pension separation theorem. For pension
provision from a lump sum a result, precisely analo-
gous to Tobin’s can be proved essentially as a theo-
rem in classic mathematical analysis. MVE retire-
ment income stream portfolios are constructed by
combining:

¢ an efficient portfolio of risky assets (the “market
portfolio”); with

¢ ariskless income product (a government-issued
annuity bond or indexed annuity bond).

Only the allocation between the market portfolio
and the riskless investment depends on investor
preference. Portfolio risk is measured by the propor-
tion fof each dollar invested in risky assets.

At the extremes, if /= 1, pension is taken by draw-
down with the entire lump sum invested in the mar-
ket portfolio; if /= 0, the entire lump sum is an-
nuitized.
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As with the Tobin result, the precise investment
term remains unspecified. Retirees must adopt
pragmatic criteria to determine a suitable initial
term. These include size of the lump sum, required
annual pension, annuity cost, long-term expected
return on the market index, or with longevity risk in
mind, the probability that the market investment
reinstates the entire original lump sum in real terms,
at the end of the guaranteed income years.

Under this last criterion, for a suitably chosen term,
if income consumption is modest MVE portfolios
dominate account-based drawdown. That is, a
MVE portfolio is more likely to reinstate the origi-
nal real capital at end-of-term than drawdown from
the market account.

But if consumption is heavy (the annual pension is
large relative to the original lump sum) then ac-
count-based drawdown is more likely to deliver the
original capital at end-of-term. However with draw-
down, risk of bankrupting the account over the ini-
tial term also increases with consumption, and this
quickly becomes more probable than capital rein-
statement. These matters are dealt with in detail in
Section 5, but a glance at Figure 4 makes clear how
the probability of capital reinstatement under draw-
down converges with the probability of insolvency.

But their widespread implementation will generally
require governments to issue part of public debt in
the form of suitable annuity bonds. In the light of
the global financial crisis (GFC) during which many
governments have borrowed heavily to finance
“stimulus packages” for their economies, this strat-
egy could be politically as well as economically
attractive, given the increasing number of pensioner
votes to be considered.

An approximation to a MVE strategy, currently
available in most countries, is to purchase a term-
certain indexed annuity of about twelve years from a
life office or bank, together with investment in the
national bourse accumulation index over the guaran-
teed income years. It is assumed that the expected time
to reinstate original capital is a function of the particu-
lar bourse in which the lump sum is invested, and this
expected time is consulted in selection of the term of
the initial annuity purchased. Initial, because the retiree
expects to repeat the strategy (or a modified version of
it) when the first annuity term expires.

2.2. Establishing the separation theorem for pen-
sions. The generalization of Tobin’s result is under-
pinned by a rather bland result in mathematical
analysis, and is not intuitively helpful. More helpful
is to appreciate how the generalization arises. Con-
sequently, what follows is heuristic development in

a finance setting which it is hoped will assist in-
tuition. A proof of the theorem is provided in the
Appendix.

2.3. The capital market line. It is necessary to be
clear about what is assumed about the two securities
which feature in the CML derivation. If proportion
(1 — /) of each dollar is invested in a riskless security
with yield i and the remainder f is invested in the

market with mean u, and variance O',i then the

expected yield on the portfolio s is given by:
L+ u, =(1= f)x(+i)+ fx(1+p,) or

p,—i=f(u—1i). (1)
And since portfolio variance 0'; =f’xo.,
whence [ =0,/0, the equation to the CML is
obtained:
. U .
,up—z:—P(,um—z). (2)
O-m
Assumed:

1. The investment period is of fixed but unspeci-
fied term.

2. The riskless security returns guaranteed fixed
amount 7 at end of the period for each dollar in-
vested at the outset.

3. The market portfolio has random return R, at the
end of the period. Each dollar, invested at the out-
set, provides a terminal amount 1 + R,, with E[R,/]

= 1, and Var[Rm] = O'i in obvious notation.

Not assumed:

1. That the market portfolio is passive; out-
performing stocks will be re-weighted and
under-performing stocks downgraded over the
investment term.

2. That the efficient frontier of risky assets or the
CML is static.

Characteristics of the market return (u, and o;,)
change stochastically over time. The risk-free rate i
changes either stochastically or by Central Bank
intervention. Notwithstanding, given their values at
any instant over any specified term, equations (1)
and (2) identify the MVE portfolios.

2.4. Pension separation theorem heuristics. The
starting point of the pension theorem is the original
theorem underpinning the one-period CML. The
first change required is one of perspective. The sin-
gle investment period is considered to be a number
of years (n).
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We start with portfolios which consist of:

1. Risk-free n-year zero-coupon bonds (ZCBs)
purchased at the start of the period and held till
end-of-term; and

2. The market portfolio held for » years; annual
market returns are assumed to be uncorrelated
(see discussion below, Section 4.1).

2
1.8 12-year period
1.6
1.4

3ingle period (12-year) CWL
1.2

0.8 1

Risk-free 12-year return is

0.6 1 4 0512.1=079¢

0.4

0.2

The situation is depicted in Figure 1 for a single 12-
year investment period, with a riskless ZCB yield-
ing 5 percent per annum (» = 0.05), and the mar-
ket portfolio yielding an expected 9.0 percent per
annum (g, = 0.09). Note that in Figure 1 the 12-
year return, not the annual return, is plotted on the
vertical axis.

Expected return on market portfolio is 1.09'2 -1=1.813

n-year EF of risky assets

0 T T I
0.5 1 1.5

-0.2

I T I I
2 2.5 3 3.5

Portfolio standart deviation

Notes: n = 12, r = 0.05, and ,, = 0.09 (so that 12-year risk-free return is 1.0512-1 = 0.7959 and 12-year expected market return
1.0912-1 = 1.8127). The n-year expected return is plotted on the vertical axis, and the n-year standard deviation on the horizontal
axis. For convenience, the efficient frontier is depicted here as a hyperbola. In fact, it is easy to show that unrestricted short sales of

risky assets must be allowed for this to be the case.

Fig. 1. The n-year CML and efficient frontier of risky assets

In order to accommodate risk-free investments
which provide payoffs before end-of-term (annuity
bonds, indexed annuity bonds, coupon bonds, capi-
tal indexed bonds, etc.), two changes are made to
the n-year CML diagram in Figure 1:

1. The wvertical axis is changed to measure
annualized yield rather than n-year yield.

2. The horizontal axis is employed to measure risk
as the fraction f of each dollar invested in the
market index rather than portfolio standard
deviation. For an n-year term it remains true that
o,(n) = fxo, (n) where the standard deviations
refer to standard deviation of n-year returns.

If 1(f) is the annualized CML portfolio expected
yield, » the annual yield on the ZCB and g, the
expected annual yield on the market portfolio when
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proportion f of each dollar is invested in the market
portfolio then:

ru( ) == )+ r) > fx(+p,),
so that 3)

ulf)={1=)x (e r)y < (e, )] -1,

Equation (3) is a version of the n-year CML. The
curve resulting from plotting (f) against f exhibits
slight convexity.

When the efficient frontier consists of portfolios
mixing a n-year ZCB with n-year investment in the
market portfolio, we call it the n-year fundamental
capital market curve (FCMC).

Figure 2 depicts the n-year FCMC with a one-year
CML with »=0.05, z,=0.09 and n=12.
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n-year FCMC

amN— —o = 33

[=}

[=}

B

1
a—a —<

one year CML

Proportion 7 of each dollar invested in market portfolio

0 T T
0 0.2 0.4

0.6 0.8 1 1.2

Fig. 2. The n-year FCMC for a 12-year risk-free ZCB, yielding S per cent per annum, and the market portfolio,
yielding 9 per cent per annum

Now suppose that instead of ZCBs, risk-free in-
vestments are available that have payoffs before
end-of-term. Combinations of the market portfolio
and other riskless n-year assets will also have CML
analogues described more generally as mean-
variance capital market curves (MVCMCs).

The main result established in this paper can now be
stated as follows: the MVCMC for any portfolio
consisting of the market portfolio and a risk-free
asset with payoffs before end-of-term lies above the

0.1 4

0.09 -
0.08 - MVC efficient frontier (MVCMC)
0.07 -

0.06
one year (FCMC)
0.05 47

0.04
0.03 1
0.02

0.01+

FCMC for a ZCB with the same yield as the risk-
free asset except at the points, where /=0 and = 1,
where the two curves coincide.

Relative positions of the MVCMC and the FCMC
are depicted in Figure 3 below (the risk-free security
used is a 12-year annuity bond payable monthly,
indexed at 3 percent at the start of each new year).

This is the sense in which such portfolios are opti-
mal; they provide higher yields than the FCMC.

ZCB efficient frontier (FCMC)

0 T T
0 0.2 04

0.6 0.8 1 1.2

Fig. 3 The n-year FCMC for a ZCB, yielding 5 per cent per annum, and a risk-free security, yielding 5 per cent per annum
with cash flows before end-of-term (the MVC efficient frontier or MVCMC).

3. The pension separation theorem

An income stream consists of non-negative cash
flows Cy, Cy, - - - C,, which occur at times 7,=0 < £,

<+ <t,1<t,=nyears. At least one of the C;, C,,
-+ Cy.1 18 strictly positive.

A n-year pension is generated from lump sum L by:
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¢ purchasing the cash flows at time # = 0 with
lump sum (1 — f)L, (0 << 1) at risk-free yield i
per annum; and

¢ investing the remaining f L for n years in the
market portfolio which has expected annual
return j (> i) and expected n-year accumulation
(1 + j)n. Annual returns on the market portfolio
are assumed to be uncorrelated.

Then for every f £(0,1) the yield curve » = r(f) for
this strategy lies above the corresponding yield
curve u = u(f) for the FCMC, i.e., the yield curve:

(1+,u)n:(l—f)(1+i)"+f><(1+j)" or
u(f)={1= 1Ny + £y -1

arising when proportion (1 — f) of each dollar is
invested at # = 0 in an n-year ZCB at riskless annual
yield i.

The curves coincide at the endpoints, where /=0, f= 1.
Proof. See Gay (2010).

4. Preservation of capital in the pension phase

Drawdown from a managed fund is an income
stream method favored by lump sum retirees wish-
ing to retain control of capital. How likely is it that a
self-funding retiree will preserve sufficient capital to
provide stable inflation-adjusted income throughout
residual life? This question is tackled via an exam-
ple and simulation set in an Australian investment
and retirement context.

Analogous studies have been carried out for DC
funds in their accumulation phase. Blake, Cairns
and Dowd (2001) used stochastic simulation to
compare end-of-term accumulation under a number
of investment strategies across six asset classes over
the forty years of contributions of a salaried UK
worker. One of their main conclusions was that over
the long investment horizon, a static asset allocation
strategy with high equity weightings outperformed
any of the dynamic (switching, rebalancing) strate-
gies that they investigated. The significance of this
is that use of “lifestyle strategies”, the cornerstone
of many DC plans, in which high equity holdings
are gradually replaced by bonds and cash as fund
members near retirement, is contra-indicated.

More recent research by Basu and Drew (2009) has
substantially reinforced this finding in Australian
markets. They concluded that by switching to con-
servative assets in the later years of a DC plan, life-
cycle strategies sacrifice significant growth oppor-
tunity and prove counterproductive to the partici-
pant’s wealth accumulation objective. They con-
cluded that this sacrifice does not seem to be com-
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pensated adequately in terms of reducing the risk of
potentially adverse outcomes to which portfolios
with high equity weightings may be subject.

4.1. Modeling sharemarket returns. Extensive
econophysics research has shown that stock index
returns have heavy tails when returns are calculated
over periods of up to four days (Gopikrishnan et al.,
1999). For individual stocks the period is about six-
teen days (Plerou et al., 1999). Further these short-
term returns have long-range dependence and inter-
mittency properties. Over longer periods, stock and
stock index returns exhibit “aggregational Gaussian-
ity” — the returns progressively assume properties of
normal variates — and are either uncorrelated or auto-
correlations are insignificant (Cont, 2001). Thus, a
reasonable assumption about annual index returns is
that they are independently and normally distrib-
uted. This fact is used as a basis for simulation in-
vestigation of RIS portfolios in this study.

4.2. Data sets used for modeling and stress test-
ing. Two sets of data have been used:

1. Data provided by AXA Australia. The long-
term expected average for the Australian all or-
dinaries accumulation index on the Australian
stock exchange (ASX) is in excess of 13.3 per
cent with a standard deviation of 17.6 per cent
(http://www.crcfs.com.au/uploads/file/109 20years
20of 20All 200rds 20returns.pdf-accessed
19/03/2010).

This annual returns data (depicted in Figure 1 in the
Appendix) exhibits increasing volatility especially
over the last four decades. Its normality over the
entire 109-year history is rejected by a simple chi-
square test with eight classes.

The AXA data is used to stress-test rolling interval
returns in the sequel.

2. Vanguard Australia data. Vanguard’s web site
lists ASX annual returns since 1971 with an av-
erage of 12.2 per cent and a standard deviation
of 20.7 per cent (annual returns need to be
downloaded individually from this site). A chi-
square test with five classes does not reject the
normality of this data (http://www.vanguard.com.
au/personal investors/knowledge-centre/index-
ing/en/interactive-index-chart.cfm-accessed 16/
11/2010).

Thus, when a normality assumption for annual re-
turns is needed, the Vanguard data (mean and stan-
dard deviation) is used.

5. Case study: an Australian self-funding retiree

A retiree aged of 65, a homeowner with no substan-
tial outstanding debt, has a lump sum of $600000
with which to provide for retirement.
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The national bourse accumulation index (the all
ordinaries index) is supposed to provide long-term
annual returns which are approximately normal with
mean 12.2 per cent and standard deviation 20.7 per
cent derived from the Vanguard reference above.
Inflation is expected to average 3 per cent per
annum long term. This is the upper limit of the
Reserve Bank of Australia’s inflation target. The
retiree intends to take an annual pension which is
chosen to commence in the range $24,000 to
$47,000. Once chosen, the selected annual income
is indexed at 3 per cent per annum at the start of
each new year and is payed monthly. What are the
retiree’s prospects of surviving on this drawdown
pension long term? Evidently the more modest the
pension, the better the chances that the lump sum
will provide income for the residual life of the
retiree.

5.1. Capital preservation under drawdown. In the
Figure 4 the upper curve depicts the probability that
at the end of an eleven year period the indexed lump
sum ($600000 x (1.03)"" = $830540) or more, re-
mains in the drawdown account when varying
amounts of annual starting pension are taken from
the account. The lower curve represents the prob-
ability that the drawdown account becomes insol-
vent over the eleven year term. Each data point is
based on a simulation sample of end-of-term accu-
mulation after drawdown, of one million eleven-year
terms. For this calculation, the following approxima-
tion is used. Over any year of the eleven-year term, the
previous year’s account balance less half the indexed
annual pension of that year is exposed to market risk,
then reduced by the indexed annual pension consumed
that year. This is analogous to methodology of both
simulation papers mentioned above.

0.6
Probability that real capital remains
0.5 - in drawdown account at the end
. of eleven years
0.4 4
When annuity proportion is 0.07 (e.g. 542,000 p.a. from
a $600,000 lump sum) drawdown account s just
0.3 4 as likely to be insolwent as to restore the real capital
0.2 4
Probability that drawdown
account 1s bankrupt
0.1
Annuity as proportion
of lump sum
0 T T T T T T T T T
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Note: The reinstatement probability rate of decrease against starting indexed pension, is virtually linear until it reaches insolvency
probability curve. The probability that the original real capital (at least) is intact in the fund equals the probability of account
insolvency when annual indexed pension starts at 7% of the lump sum ($42000 for a $600000 lump sum). For capital reinstatement, annual
market index returns are assumed to be uncorrelated with mean 12.2 per cent and standard deviation 20.7 per cent.

Fig. 4. Probability of reinstating real capital (upper curve) versus probability of bankrupting the account
during drawdown over an eleven-year term

To calculate the probability of insolvency, these re-
turns are further assumed to be normally distributed.

5.2. Capital preservation using MVE. If instead
of using drawdown, a MVE strategy is employed,
the retirement lump sum is split into an income
component and an investment component. For a
retiree with $600000 able to purchase an eleven-
year annuity at a yield of 4 per cent per annum it
would cost $10.26635 per starting dollar of in-
dexed annuity and $246392 for an 11-year annuity

of $24000 per annum payable monthly, indexed at
3 percent per annum (see Appendix). Based on a
large simulation sample of eleven-year terms, the
remaining $353608 invested in the index will
replace the real capital ($830540) in about 64
percent of cases.

If the eleven-year indexed annuity can be purchased
at a yield of 6 per cent per annum, the annuity cost
is reduced to $9.27239 per starting dollar, total cost
is $222537 for $24000 per annum leaving $377463
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to invest in the index. The proportion of such
eleven-year terms, in which the indexed capital is
replaced, increases to about 66 per cent.

In Figure 5, the probabilities of capital reinstate-
ment, using an MVE strategy, are superimposed on
the drawdown probabilities depicted in Figure 4.

0.6
Probability capital reinstated
under MWVE
0.5
Probability capital reinstated
0.4 - under drawdown
0.2 7
Initial term is eleven years
0.2
Probakbility drawdown account
is insolvent i=0.06
a1+
Annuity as proportion of —0.04
lurmp sum
0 | T T T T | T | |
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Note: Probability of capital reinstatement under drawdown (the decreasing straight line) and under two annuity/market investment
strategies which are optimal under the mean-variance criterion. If annuities can be purchased at 4 per cent per annum then
drawdown is preferable to MVE only if starting annual indexed pension exceeds $37000 (= 0.06167 x $600,000 — the proportion
0.06167 of the lump sum — plotted on the horizontal axis) That is, the MVE capital reinstatement probability curve is above the

decreasing straight line until annual pension taken reaches $37000.

Fig. 5. Preservation of capital under drawdown and MVE

If annuities can be purchased at a yield of 6 percent,
drawdown is only preferable to MVE if annual in-
dexed pension exceeds proportion 0.075 of the lump
sum ($45000 in the case of a $600000 lump sum).
The lower upward-seeking curve is the probability
of bankruptcy and applies only to drawdown. The
MVE portfolios cannot become insolvent because they
are not drawn upon; income derives from the annuity.

5.3. Choice of term for MVE annuities. If an
MVE strategy is undertaken, which annuity term
should be chosen? The investment horizon needs to
be long enough to smooth out market volatility, and
enable the portfolio to achieve something like the
long term expected market return.

However, the longer is the term the more expensive
is the annuity. There will be less residual to invest in
the market. Is there an optimal MVE annuity term if
other annuity parameters have been fixed? Austra-
lian retirees over the age of 65 must consume at least
5 percent of their lump sum in order to attract certain
tax concessions on income and fund earnings.
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Figure 6 depicts the effect of investing for varying
annuity terms using 109 years of all ordinaries re-
turns, assuming a starting annual annuity of 5 per-
cent ($30000 for a retiree with $600000 account
balance at the start of the financial year). It is as-
sumed that the annuity can be purchased at a yield
of 5.5 percent. This is the current yield on ten-year
commonwealth government bonds.

The lower polygonal line shows the number of rein-
statement failures under MVE when an n-year annu-
ity is chosen and the strategy is implemented over
(110-n) rolling n-year terms. That is, the number of
times the residual lump sum invested in the market
index fund failed to reinstate the entire original capi-
tal indexed at 3 percent per annum.

This is a minimum when term 7 is eleven years.
This stochastic minimization indicates that terms
between 9 and 14 years would be acceptable. The
upper line depicts the number of reinstatement fail-
ures when taking the indexed pension using draw-
down over n years.
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Note: Over 109 years of ASX returns, there are 99 possible periods of eleven years of rolling returns. Use of MVE would have only
failed to restore the entire real capital in eight of these periods. It is assumed that the eleven-year indexed annuity can be purchased
at a yield of i = 0.055 (5.5 percent per annum) and a starting annuity equal to five percent of the lump sum is consumed.

Fig. 6. Failure of retirement strategy to reinstate real capital from 109 years of ASX data

Table 1. Severity of MVE capital reinstatement failures

Year Shortfall (dollars) Shortfall (percent)
1939 32316 39
1945 13265 1.6
1948 14473 1.7
1974 333497 40.2
1975 70987 85
1978 28271 34
1979 6877 0.8
2008 178689 215

Note: Actual and percentage shortfall below the eleven-year
indexed capital ($600000 = (1.03)'" = $830540) and the end-of-
period years in which the shortfall occurred. It would seem that
only the period, ending in 1974, would have derailed the MVE
strategy (certainly) and the period ending in 2008 (probably).

Table 1 shows the actual and percentage shortfall
below the indexed capital and the eight end-of-term
years in which this occurred.

Analytic optimization reinforces these results. A
criterion by which the annuity term can be selected
is to minimize (-1) times the coefficient of deviation
of excess return above the indexed lump sum. Fig-
ure 7 indicates that when the annuity can be pur-
chased at a yield of 5.5 percent per annum and an
indexed annuity starting at five percent of the lump
sum is consumed, the coefficient of deviation is
quite flat near the absolute minimum of » = 9 years.
This suggests that any annuity term in the range
seven to eleven years is acceptable.

0 T T T T T T T T T T
2 4 6 8 10 12 14 16 18 20
-0.05 i . i
MVE choice of annuity term Annuity term (years)
(i= 0.055, g= 0.03, f= 0.05)
-0.1 4
(-1) times coefficient of deviation of Values of (-1) times coefficient of deviation
0159 eyess end-of-term return over original n=>5; -0.3549
lump sum (indexed) n=6; -0.3706
n=7; -0.381
0.2 4 n=8 -0.3872
n =19 -0.3895
n = 10; -0.3884
-0.25 4 n=11; -0.3842
n = 12; -0.3769
0.3 |
-0.35
0.4
-0.45 4

Note: If annual market returns are approximately normal, the probability of reinstating real capital is maximized if (-1) times
coefficient of deviation of excess return is a minimum. The graph shows the minimum to be quite flat in the vicinity of n = 9 (the

theoretical minimum).

Fig. 7. Theoretical answer to selection of optimal MVE annuity term
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6. Government infrastructure and MVE portfolios

For retirees interested in retaining control of capital,
MVE portfolios have a lot to recommend them,
particularly if government is prepared to issue and
create a market in rolling indexed annuity bonds.
Assuming the bonds can be purchased at acceptable
yields, MVE portfolios provide:

¢ a guaranteed indexed income stream in medium
term;

¢ access to emergency capital at any time in the
index fund and via the annuity bond market

¢ the highest expected return for any given level
of risk (i.e., for amount selected for investment
in the index);

¢ high probability of reinstating real capital in the
index fund at the end of the guaranteed income
years if prudent income is consumed, in particu-
lar, a better chance of this, than by taking pension
by drawdown. For further detail see Gay and
Duns (2009).

6.1. Economic efficiency of MVE portfolios. Since
MVE portfolios deliver the highest expected return
for any given level of risk, they are economically
efficient in that retirees obtain the biggest bang for
their retirement dollar within their comfort zone.
This feature very much aligns them with govern-
ment objectives. In the wake of the GFC, govern-
ments are generally issuing more public debt to pay
for stimulus packages. Appropriately structured
bonds issued as a small part of public debt funding,
in lieu of a fraction of the coupon bond issue, could
be of considerable service to DC retirees.

Longevity risk presents funding problems for retir-
ees; it presents different challenges for govern-
ments. But provision of appropriate pension phase
infrastructure for lump sum retirees would seem
to present governments with a unique opportunity
to deliver economically sound policy with obvious
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Appendix

1. 109 years of ASX all ordinaries annual returns
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Fig. 1. ASX accumulation index annual returns 1900-2008 (data supplied by AXA)
showing stochastic volatility of returns
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2. Present value of an annually indexed annuity certain payable pthly

The cost of $1.00 of annuity for n-years indexed at a rate g at the start of each new year, purchased at a yield » when
the $1.00 is payable pthly (i.e., each annual dollar is divided into 1/p and paid regularly in arrears (at p intervals of 1/p
years) is from standard mathematics of finance:

l+g)
a,(f,):g:(r/r("))x 1_(1+r) /(r-g).

here #7) = p{(l + r)l/p —1},

when n = 11, r = 0.04, g = 0.03, p = 12 the cost is $10.26635. Total annuity cost is, thus, 24000 x $10.26635 =
$246,392. When n= 11, r=0.06, g = 0.03, p = 12 the cost is $9.27239.
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