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Abstract

Can higher uncertainty increase the valuation (market-to-book value) of young firms 
compared to more established ones? As the current market shows higher levels of un-
certainty about companies’ expected cash flows and changes in firm value, the question 
of the fundamental convex relationship between the two becomes more relevant. This 
paper aims to study how cash flow uncertainty affects the capital structure/leverage of 
a firm over time. A simple Bayesian learning framework is employed to assess leverage 
ratios in the presence of parameter uncertainty about expected cash flow. This study 
provides an analytical solution for leverage as a function of firm age and explores the 
implications using numerical results. The model links market leverage with expected 
cash flow volatility and firm age. Young firms face uncertainty about their expected 
cash flows and hence their firm value. Managers continuously update their evalua-
tion of leverage ratios when they observe realized cash flow until firms reach maturity. 
Therefore, the paper provides a novel explanation of why the leverage ratio for many 
start-ups increases over time: the resolution of uncertainty decreases upside shock ex-
pectations as the firm ages. This result is useful both for academics, who can test the 
formulas derived in this paper for various industries, countries, and conditions, and for 
practitioners, who can use them to calibrate algorithmic trading models when linking 
uncertainty and firm valuation.
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INTRODUCTION

The level of uncertainty about future cash flows for new firms is typ-
ically high even in “good times”. Brexit, COVID-19 pandemic, war 
in Ukraine, increase in inflation and interest rates all showcase that 
the time of great moderation is long gone, and uncertainty is the new 
norm. Higher overall levels of uncertainty increase the uncertainty 
of cash flows for individual firms even more. This paper introduces 
Bayesian uncertainty into the structural continuous time trade-off 
model of debts (Merton, 1974; Black & Cox, 1976; Duffie & Lando, 
2001; Morellec, 2005; Streblaev, 2007). It allows us to trace out the im-
plication for the behavior of the leverage ratio over the firm life cycle. 
The model provides a new explanation for why leverage ratios increase 
with firm age, which emphasizes the evolution of firm value across the 
life cycle.

Much of previous research has been devoted to modeling parameter 
uncertainty in asset pricing. In almost all its subfields, such as return 
predictability, equity premium, options markets, credit spreads, the 
term structure of interest rates, and long-run risk, Bayesian learning 
theory is utilized actively, with contributions, including Pastor and 
Veronesi (2003), Brennan and Xia (2001), Xia (2001), Dufrense and 
Goldstein (2001), Cremers and Yan (2016). Recently, there has been 
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a growing interest in incorporating uncertainty into corporate finance. Duffie and Lando (2001) study 
the effect of uncertain accounting information on firms’ credit spreads. Liu et al. (2017) have applied 
Bayesian learning in a two-state dynamic model with low and high cash flow states. They find that both 
optimal debt and leverage ratios are higher in the presence of uncertainty.

The aim of this paper is to incorporate Bayesian learning into a dynamic model of capital structure with 
a continuum of firm types. The model presented in this paper provides an alternative complementary 
explanation for why firm leverage may rise with firm age.1 Hence, it incorporates the insights of Pastor 
and Veronesi (2003) and Ju and Ou (2006) into a model of corporate leverage. Although uncertainty is 
usually associated with risks that lower firm value, Pastor and Veronesi (2003) show that right-tailed 
uncertainty can have a positive effect on firm value. This is because downside risks to investors are 
normally capped by bankruptcy protection, whereas upside potential is virtually unlimited. To capture 
the asymmetry, this paper models the unknown expected cash flow via a lognormal distribution. Then, 
as this right-tailed uncertainty is resolved, the effect on firm leverage is studied. The model shows the 
dynamics of the corporate leverage ratio across the firm life stages. Specifically, the aim of this paper is 
to prove that uncertainty can increase the valuation of a firm and to model how uncertainty resolution 
explains an increase in leverage ratios increase with firm age.

1 The leverage ratio is defined as debt over debt plus equity and can be re expressed as debt book ratio divided relative to firm value, by the 
sum of the debt book ratio and the market book ratio. In the article, market book value ratio is abbreviated as market book ratio, the same 
as debt book value ratio.

2 See Kim and Suh (2009), Castro, Tascon and Tapia (2014), and DeHan (2014).

1. THEORETICAL BASIS

This paper fits into a voluminous prior study on 
both firm life cycle theory and leverage. One 
strand of literature mainly concerns the research 
on firm life cycle. Since the 1970s, much research 
on firm life stage has been done in order to define 
and categorize firm stages in the field of organiza-
tion, including Bulan and Yan (2010) and Adizes 
(1999). Another strand of research focuses purely 
on the determinants of capital structure without 
linking them to the financial life cycle directly. 
Four factors have been identified as the key driv-
ers of capital structure: firm size, the market-to-
book ratio, profitability and tangibility (Titman & 
Wessels, 1988; Rajan & Zingales, 1995; Mackay & 
Phillips, 2005; Lemmon et al., 2008). In particular, 
these studies show that profitability is inversely re-
lated to the leverage ratio in line with the pecking 
order theory. On the other hand, Frank and Goyal 
(2009) compare empirical tests of the pecking or-
der model against the trade-off model, finding ev-
idence of mean reversion in the leverage ratio as 
predicted by the trade-off model.

Yet another related stream of research studies the 
theoretical evolution of firm leverage over firm 
age under the guidance of classic capital structure 

theories, pecking order, trade-off theory, or agen-
cy cost theory.2 To test these implied relations be-
tween leverage and life cycle, many novel empiri-
cal methods have been developed. There is also in-
sightful empirical literature of financial life cycles. 
Miller and Friesen (1984) put forward five distinct 
firm life cycle stages, and Dickinson (2011) pro-
vides empirical evidence that profitability and 
growth indeed vary across firm life stage. Many 
subsequent papers utilize a firm’s fundamentals to 
construct proxies for firm life stages. These prox-
ies include investments (Wernerfelt, 1985), prod-
uct efficiency (Spence, 1977), retained earnings 
(DeAngelo et al., 2006; Kim & Suh, 2009), and 
joint factors (Dickinson, 2011).

This paper also highlights the role of cash flow vol-
atilities in corporate finance. Larrain and Yogo 
(2008) find that expected changes in a future cash 
flow explain much of the variation in firm value, 
supporting the key role of cash flow volatility on 
firm value in the current model. Recently, Dudley 
and James (2015) argue that the role of cash flow 
volatility on firm leverage is prominent, especially 
when firms are financially constrained. They find 
that debts are issued in response to the low vola-
tility of constrained firms, but that rising volatili-
ty causes them to have difficulties in diminishing 
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their debt ratios. Bradley, Jarrell and Kim (1984) 
show that volatility of cash flow or firm earnings 
negatively correlates with firm leverage, implic-
itly indicating lower leverage for younger firms. 
Also, Whited and Riddick (2009) and DeAngelo 
et al. (2011) argue that cash flow volatility ena-
bles firms to meet their need to maintain future 
financial flexibility or reduce financial tightness 
to cope with financial uncertainty. Gorbenko and 
Strebulaev (2010) suggest that permanent cash 
flow volatility is more important than temporary 
volatility in impacting leverage ratios. However, 
their empirical effect on corporate leverage ratios 
is small. The current paper enriches understand-
ing of this strand of literature by elaborating on 
the relation between leverage ratios, mean cash 
flow volatility, and firm age from the perspective 
of Bayesian learning.

This paper fills a void in the corporate finance lit-
erature in two ways. First, it provides a novel ex-
planation for why the leverage ratio experiences a 
rise from firm infancy to its maturity. In this way, 
the presented model complements classic capital 
structure theory, such as the pecking order, the 
trade-off theory, and the agency cost theory, while 
providing an additional novel explanation for the 
dynamics of firm leverage ratios across age using 
Bayesian updating. Secondly, it bridges the gap be-
tween corporate finance and models of Bayesian 
learning using the dynamic continuous trade-off 
model. Bayesian learning has been used widely in 
the asset pricing literature but has been underuti-
lized in corporate finance.

Liu et al. (2017) is the only paper known to oth-
er authors that applies Bayesian learning into dy-
namic capital structure modeling. The similarities 
between the presented model and their model are 
that investors and mangers have same information 
on future cash flow and that they use Bayesian up-
dating to learn about the unknown cash flow pro-
cess, and finally that both approaches are aiming 
at an optimal capital structure. However, their pa-
per differs from this one in several key respects. 
First, they do not employ a stochastic discount 
factor. Secondly, they do not study the evolution 
of firm leverage across firm age. Thirdly, and most 
importantly, their model allows for only two states. 
Consequently, their model does not allow for ex-
treme outcomes, so convexity is not captured in 

their model. Liu et al. (2017) is quite new and pub-
lished in 2017. The initial version of the paper is 
Ren’s 2016 dissertation and is enhanced with the 
effect of uncertainty of future cash flow on lever-
age. By contrast, this paper allows a continuum of 
firm types, allowing researchers to model inves-
tor learning about right-tailed uncertainty and 
incorporate it into a model of firm leverage. As 
a result, the two papers make related but distinct 
contributions.

The way this paper models right-tailed uncertain-
ty is closely related to and motivated by Pastor 
and Veronesi (2003) who propose a parsimoni-
ous model to evaluate the market value of young 
firms’ stocks by means of market-to-book ratios. 
However, their model only allows for equity fi-
nancing and is thus silent on the implications for 
firm leverage. This paper provides a non-trivial 
extension of their model to characterize the effect 
of uncertainty of mean log cash flow on leverage 
ratios through its impact on market equity. In ad-
dition, this paper extends Ju and Ou (2006) to in-
clude parameter uncertainty into his model. In an 
extended framework of their model, the current 
model allows for the effect of mean cash flow on 
both market equity and debt value.

The current model is also motivated by empirical 
findings of Welch (2004), which suggest that stock 
returns solely determine cross sectional changes in 
leverage ratios and that all other firm specific fac-
tors, even if they have some explanatory powers on 
leverage ratios, will only propagate their influences 
through stock returns. Their paper concludes that 
leverage ratio valuation is made mainly in response 
to the changes in firms’ equity value. Similarly, in 
the current model, uncertainty affects leverage 
through its effect on firm equity value.

This paper is also related to Lemmon et al. (2008) 
and Graham et al. (2014), although they do not 
consider learning in their model. In particular, 
Lemmon et al. (2008) find that after their initial 
IPOs, firms’ leverage ratios increase gradually. 
The current paper provides a Bayesian explana-
tion of why there is such an increase in leverage 
ratios after an initial IPO. Moreover, the empirical 
analysis of the current paper uses their identified 
firm-specific determinants as control variates and 
partly validates some of their empirical results.
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The explanation provided in this paper sheds new 
light on the behavior of leverage over firm life cy-
cle. Its focus on incomplete information comple-
ments the predictions of the pecking order and 
agency cost models that focus instead on asym-
metric information. Beginning with trade-off 
theory as considered by Modigliani and Miller 
(1963), and agency costs (see Jensen & Meckling, 
1976), their proponents hold that a firm’s lever-
age is determined with an aim to strike a balance 
between benefits and costs of debts and therefore 
the firm needs to establish a target leverage ratio. 
Introduced subsequently, the pecking order model 
implies that due to adverse selection, the firm’s fi-
nancing follows an order: internal funding comes 
first, and then debt is preferred to equity to raise 
external funding (see Myers & Majluf, 1984). Thus, 
the pecking order theory implies a positive rela-
tionship between a firm’s leverage and its life stage. 
Alternatively, the static trade-off theory holds that 
firms in infancy cannot raise more debt due to 
high bankruptcy costs, whereas higher earnings in 
their stable stage make debt financing affordable 
and beneficial. Agency cost theory suggests that as 
firms proceed to the mature stage, more debt will 
be used to reduce agency costs. Agency cost theory 
predicts that a firm’s leverage ratio should follow 
an inverted U shape over its life cycle (see Castro 
et al., 2014; DeHan, 2014; Frielinghaus et al., 2005). 
A common aspect of these theories is their focus 
on managerial decisions on the issuance of new 
debt and equity. However, the leverage ratio is al-
so driven by firm equity valuation, which enters 
its denominator. The current model complements 
the existing literature by studying the impact of 
learning on leverage that channels through equity 
valuation. Similar to pecking and agency cost the-
ory, this model also predicts an initial fall in firm 
leverage with firm age, but due to a different causal 
mechanism.

In reality, it is reasonable to expect all of these ef-
fects to be present. The relative importance of cash 
flow uncertainty may be greatest for startups and 
growth firms, which have intangible assets with 
high growth potentials, but also high uncertainty. 
This paper also suggests a conjecture that cash flow 
(and hence firm value) uncertainty plays a more 
important role for high-tech and growth firms, 
which is supported by existing literature, which 
finds that these firms rely more heavily on equity 

financing. Opler and Titman (2001) suggest that 
firms should use relatively more debt to finance as-
sets in place and relatively more equity to finance 
growth opportunities, which is supported by the 
view of Damodaran (2001) that high-growth firms 
would prefer equity financing, while mature firms 
favor debt finance. Morgan and Abetti (2004) ar-
gue that high-tech firms will finance with more 
equity than debt. Graham (2000) concludes that 
firms with large future growth opportunities, pre-
sumably at introduction or growth stages, incline 
to display low leverage.

2. ASSUMPTIONS

To provide a tractable and interpretable model 
of the median firm across its life cycle, the same 
principle of parsimony as suggested by Pastor and 
Veronesi (2003) is applied. In the current frame-
work, uncertainty about firm prospects is mod-
eled via parameter uncertainty rather than firm 
heterogeneity (see Morellec et al., 2013). A single 
representative agent learns about parameter un-
certainty regarding the cash flow process for one 
single representative firm. This results in both a 
parsimonious model and a tractable analytical 
solution. The advantages of such an approach are 
explained at length in the survey by Pastor and 
Veronesi (2009). The novelty of the presented mod-
el is to incorporate the key assumption of expect-
ed cash flow uncertainty along the lines of Pastor 
and Veronesi (2009). The presented set up is other-
wise standard and widely used and allows obtain-
ing familiar model predictions about the leverage 
ratio when shutting down the expected cash flow 
uncertainty.

To provide a clear basis of comparison, first a de-
tailed analysis of a firm’s value and leverage ratios 
is derived. To maintain tractability, it is assumed 
that there are no transaction costs incurred in the 
business operation in this section, and this study 
models firm debt exogenously, since, in practice, 
firms do not rebalance their leverage ratios fre-
quently. The representative firm lives for T peri-
ods, where T is finite and exogenous. In particu-
lar, a firm’s cash flow is assumed not to hit default 
or restructuring boundaries. In each period, the 
firm issues a constant coupon C and a flat term 
structure with constant interest rate r is assumed. 
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Investors and borrowers finance their projects 
with this interest rate. Net operation incomes are 
used to reinvest in the firm’s operation and to pay 
taxes. The firm’s log cash flow follows a stochas-
tic process. There are no default, restructuring, or 
bankruptcy costs. Following Pastor and Veronesi 
(2003), a young firm’s cash flow will continue for a 
relatively long period so that expected cash flows 
can be used to repay debts without a probability 
of default. Also, market structure in this paper is 
not in an equilibrium. Infrequent balancing of 
financial structure due to transaction costs sug-
gested by Strebulaev (2007) and changes in capital 
structure mainly attributed to variations in stock 
returns (Welch, 2004) motivates this assumption.

Firm cash flow, denoted by X
t
, is defined here as 

EBIT, the instantaneous earnings before income 
and tax. A firms’ log cash flow is modeled using 
the following mean reverting process

( ) ( )( )
,1 1 ,2 2

log log

,

t t

x x

d X X dtu

dZ dZ

ϕ

σ σ

= − +

+ +
 (1)

where σ
x,1

 is the standard variance of log cash 
flow driven by systematic shocks dZ

1
, and σ

x,2
 is 

the standard deviation of log cash flow driven by 
idiosyncratic shocks dZ

2,
∙ϕ is the parameter con-

trolling the mean reversion speed. 

Two information environments are considered. To 
provide a point of comparison, the case in which 
the mean of log cash flow u̅ is known is consid-
ered first. Under this full information assumption, 
which is a standard assumption in the traditional 
dynamic trade off model (see Broadie et al., 2007), 
the proposed model reproduces familiar predic-
tions regarding firm leverage ratios. Then, this is 
compared to a more realistic assumption under 
which managers, acting in the interests of stock-
holders, cannot observe the mean of log cash flow 

3 Investors are uncertain about the expected cash flows of young firms which are denoted by u̅ . It also represents the investor’s uncertainty 
about the prospects of young firms. Investors can obtain prior information about expected cash flow from past cross-sectional experience, 
where some young firms become very successful and others do not. Given this prior information of expected cash flow, investors can form 
their posterior inference about expected cash flow.

4 The parsimonious model abstracts from the long-run steady growth level of cash flow by assuming it is zero. An upward growth trend 
for firm cash flow would imply a higher initial present discount cash flow value and hence a higher firm value that would be equivalent 
to a higher mean cash flow in a model without cash flow growth. Provided that investors discount future consumption, trend growth 
would also imply an expected growth in firm value in the absence of the Bayesian learning captured by the presented model. Intuitively, 
firms would be expected to grow at the stochastic interest rate adjusted by a risk premium. This would imply a tendency of firm value to 
grow with firm age, which is the opposite prediction provided by the Bayesian learning effect. To be more precise, this paper effectively 
models deviations from expected firm value relative to the long-term trend. The Bayesian learning effects of the current model are most 
heavily pronounced during the first several years of a firm’s life, during which time substantial cash flow uncertainty is resolved. Within 
this period the drop in expected firm value due to the resolution of uncertainty is likely to dominate the upward trend in firm value that 
would otherwise be observed. 

u̅. Instead, u̅ is assumed to be pre-distributed as 
N(û

0
, σ̂

0
). Under this assumption, managers or in-

vestors can only learn about u̅ through the firms’ 
past realized cash flow.3 The logged cash flow is de-
noted by x

t
 = log(X

t
).

A firms’ total levered value at time t is given by 

( )( )

( )( )

( )

     where

1

    and
1

/ / ,

,t t

w wT

t t

t

t

T T

t

T

t t t w t T t

t EQ D

X C
E dw

EQ
X C

D E Cdw C

V

π τ δ
π

π τ δ
π

π π τ π π τ

= +

 − −
∫ + 

 =   − − +     

= ∫ +

 (2)

conditional on the information set F
t
: {H

t
 = (ν

t
, 

log(X
t
))}, with ν

t
 = logX

t
π

t
.

The first term in EQ
t
 is the equity value or the value 

stemming from net operating income subtracting 
debt payment, while the second term is the firm’s 
terminal equity value at time T. Debt financing 
enhances firm value by providing a tax deduction. 
The first term in Dt denotes the present value of tax 
savings associated with the firm’s tax-deductible 
debt repayments and the second term is the tax sav-
ings due to the debt’s terminal value. π

t
 is the sto-

chastic discount factor, δ represents the value added 
by firm managers, and τ refers to corporate income 
tax rate. The coupon C is exogenous and constant.4

The stochastic discount factor is assumed to follow 
the log normal diffusion process:

,1 1,t t td rdt dZππ π π σ= − −  (3)

in which the dynamics of π
t
 are driven by the sys-

tematic shock dZ
1
. In this set-up, σ

x,1
, σ

x,2
, σ

π,1
, r, τ, 

τ
i
, C are all scalars, which do not vary with time.
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There are two features distinguishing this mod-
el from the dynamic continuous time trade off 
model in the previous literature on capital finance. 
The first different feature is the assumption of pa-
rameter uncertainty due to mean log cash flow. 
This is contrary to the known mean cash flow as-
sumption in most continuous time capital struc-
ture literature. The second feature distinguishing 
this model from previous continuous time trade 
off models is that it employs a stochastic discount 
factor, instead of a constant discount factor. The 
stochastic discount factor also follows a stochastic 
diffusion process.

To maintain analytic tractability, leverage ratios 
in a non-optimal environment are evaluated. That 
is, this model does not derive the optimal leverage 
ratio.5 Instead, the debt-to-book ratio is modeled 
exogenously, as an approximately constant ratio, 
because this ratio is infrequently rebalanced in 
practice. Also, it is assumed that C is an exogenous 
constant, which results in a value of D that is rela-
tively fixed over time. This is an empirically realis-
tic simplifying assumption that enables derivation 
of closed form solutions both with and without 
learning. As a result, this model produces testa-
ble implied leverage ratios which are not optimally 
derived. This is supported by Myers (1984), who 
holds that any empirical tests of financial leverage 
ratios should be specified to see whether their var-
iations are ascribed to different optimal values or 
due to the dispersion of actually observed ratios 
from optimal leverage ratios, as also suggested 
by Strebulaev (2007). He argues that in most cas-
es, the leverage ratios of most firms deviate from 
optimal leverage in a dynamic model with fric-
tions. (See Strebulaev (2007), in any cross section 
or panel data regression analysis, firms are not at 
the phase of optimizing their financial policy).

3. RESULTS

3.1.	A	simple	model	with		
no	uncertainty	about	cash	flow

As a basis of comparison, this section provides an 
analysis of leverage ratios without learning, as-
suming that the mean log cash flow is known.

5 Usually, in continuous time framework, optimal coupon rates are derived to get an optimal leverage ratio at time zero or at the refinancing 
point. When the dynamic trade off model are too complicated, a simulation will be performed to study the financing behaviors of firms.

First, closed-form solutions for the equity value, 
debt value and the leverage ratio are derived. Then, 
comparative statics is performed to assess the im-
pact of mean log cash flow, current cash flow, sys-
tematic and idiosyncratic shocks to log cash flow, 
the stochastic discount factor, and the tax rate on 
equity value, the debt value and the leverage ra-
tio respectively. In this model, firm book value, B

t
 

is normalized to one, since B
t
 will be canceled as 

it appears in both numerator and denominator of 
the leverage formula.

Proposition 1. Levered Firm Value V
t
 takes the fol-

lowing form, which includes two parts: firm equity 
EQ

t
 and debt D

t
.

,t t tV EQ D= +  (4)

where ε = T – t denotes the time to maturity. The 
leverage ratio at time t is given by

/ .
/ /

t t
t

t t t t

D B
Leverage

EQ B D B
=

+
 (5)

The equity value is given by
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The debt value is given by
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 are exponential functions given by
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Proof is given in the Appendix.

The closed form solution for the leverage ratio giv-
en in Proposition 1 above characterizes a convex 
relationship between mean log cash flow and firm 
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value. Mean log cash flow mainly affects the lev-
erage ratio via its effect on market equity to book 
value, while this model abstracts from any effect of 
it on the debt to book value ratio over age. In the 
corollary below, standard comparative static re-
sults from this model are provided in the absence 
of mean cash flow uncertainty, thus establishing 
that it is a reasonable benchmark to compare to 
later, after incorporating uncertainty. 

Corollary 1. Mean log cash flow u̅ has an increasing 
effect on firms’ equity value. Equity value rises in 
current log cash flow log(X

t
). Interest rate and σ

π
, σ′

π
 

‘s effect on equity value is indeterminate. The more 
managerial value, the higher equity value. Equity 
value is decreasing in the coupon rate. The effect of 
mean reversion speed on equity value cannot be de-
termined. The cash flow shock variances σ2

x,1
, σ2

x,2
 

have a positive effect on firm equity value. Firm 
market value declines over the corporate tax rate.

Proof is given in the Appendix.

When either the expected cash flow or the current 
level of cash flow increases, the firm’s stock price 
will rise and thus the valuation of a firm’s market 
value will increase. This also confirms the results of 
most empirical finding about the determinants of 
capital structure (Roberts, 2008). The interest rate’s 
effect is ambiguous. This is because the marginal 
effect of the interest rate on equity value is two-fold: 
on the one hand, its effect on net cash flow is nega-
tive or ambiguous; on the other hand, its effect on 
the tax value of firm debt is ambiguous. Therefore, 

it is difficult to judge which effect will dominate. 
The larger the cash flow shock variances, the higher 
the market value. This reflects the convex relation-
ship between firm cash flow and firm value.

Corollary 2. Firm equity value is convex in mean 
log cash flow u̅.

Proof is given in the Appendix.

Figures 1 and 2 employ the same parameters as 
Pastor and Veronesi (2003) and Goldstein et al. 
(2001): ϕ = 0.39, σ

x,1
 = 0.0584, σ

x,2
 = 0.0596, r = 0.03, 

τ = 12, τ
i
 = 0.40. The figures confirm their finding 

that the larger the mean log cash flow or cash flow 
growth rate, the more pronounced the convexity. 
One interesting feature is the role of mean rever-
sion speed in affecting convexity, which will be 
discussed in the subsequent learning section.

The debt value addressed in Corollary 3 below re-
flects the tax advantage of holding debt. 

Corollary 3. Debt value rises with the coupon 
rate. The interest rate has a negative effect on firm 
debt value. The effect of cash flow shocks on debt is 
ambiguous.

Proof is given in the Appendix.

If the interest rate goes up, this means that firms 
face a larger external financing constraint, and so 
the debt available to the firm will decrease. u̅ im-
pacts the leverage ratio mainly through equity value. 

Note: The vertical axis shows market value. The horizontal axis shows mean log cash flow. 

Figure 1. Market value is convex in mean cash flow
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The results above establish the model without cash 
flow uncertainty as a reasonable baseline mod-
el. Moving closer to the primary research ques-
tion, next the relationship between mean log cash 
flow, current cash flow and the leverage rate in 
this baseline model is determined. This provides 
a point of comparison to the results in the subse-
quent section.

Corollary 4. Without learning, the leverage ratio 
is decreasing in u̅ and current log cash flow level x

t
.

Proof is given in the Appendix.

Note that the mean log cash flow only affects the 
leverage ratio through its effect on equity val-
ue, and according to Corollary 1, equity value is 
increasing in mean cash flow. Thus, the leverage 
ratio is decreasing with u̅, ceteris paribus. The 
same holds true for x

t
. This prediction is in line 

with the pecking order theory, in which more prof-
itable firms will reduce their reliance on exter-
nal debt financing especially when firm are ma-
ture. Meanwhile, the result is also consistent with 
Strebulaev (2007) whose dynamic trade off model 
predicts that if firms do not refinance frequently, 
then there is a negative relation between future 
cash flow and the leverage ratio. Another expla-
nation is that expected net cash flow increases a 
firm’s retained earning which can be reinvested to 
positive cash flow projects instead of issuing more 
debt externally to satisfy the financing needs. This 
again confirms many of the empirical findings.6 

6  Refer to section 5.

The model implied leverage ratio is plotted in 
Figure 2 using the same parameters as before. 
Interestingly, when firms’ expected cash flows are 
very low, their leverage ratio appears to be high 
(about 0.27). As the cash flow growth rate increas-
es, firms become less levered. Even if the leverage 
ratio diminishes, it does so very slowly towards 
its steady state value. It is noteworthy that the lev-
erage ratio fluctuates between 0.25 to 0.16 before 
firms mature. The slow mean reversion speed of 
the leverage ratio has been observed by Lemmon 
et al. (2008) and Dufrense and Goldstein (2001). 
The presented results are consistent with these em-
pirical results.

3.2.	Learning	about	cash	flow

In this section, Bayesian learning is incorporated 
to ask how leverage ratios change with firm age as 
the uncertainty resolves. Mean log cash flow u̅ is 
no longer assumed to be known. Instead, manag-
ers and investors have a common prior distribu-
tion on u̅, specified as N(û

0
, σ̂

0
), and use Bayesian 

rules to update their posterior belief based on re-
alized cash flow. They must therefore assess the 
influences exerted by uncertainty of mean cash 
flow upon firm equity value. Since firm debt val-
ue is not affected by cash flow uncertainty, they 
then revise the leverage ratio, whose changes are 
due to uncertainty of expected cash flow only. The 
uncertainty, as discussed before, affects firm value 
via the convex relationship between the cash flow 
growth rate and firm equity value.

Note: The vertical axis shows leverage ratio. The horizontal axis shows mean log cash flow. 

Figure 2. Leverage ratio declines over mean log cash flow 
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Since u̅ has a normal prior distribution at time t = 
0, the posterior expectation of û

t
 will also follow 

normal distribution as demonstrated by Lipster 
and Shiryayev (1977). To specify this distribution, 
it is needed only to solve for the posterior mean 
and variance.

Lemma 1. Managers/investors update their posteri-
or mean following the rule

2
2,

,2

ˆ ˆ ,t t t

x

du dZ
ϕσ
σ

=   (10)

where Z̃
2,t

 captures the idiosyncratic shock. 7

Proof is given in the Appendix.

This equation provides the updating formula for 
the posterior mean log cash flow as a function of 
its posterior variance. The smaller the posterior 
variance of mean log cash flow, the smaller the 
mean log cash flow. This is due to the bankruptcy 
protection informally modelled via the log-nor-
mal distribution for cash flow. Since the log-nor-
mal distribution is right-skewed, a decrease in var-
iance reduces right-tailed outliers more than left-
tailed outliers, thus reducing the expected value.

After tedious calculations, the posterior variance 
σ̂
t

2 of mean log cash flow is equal to

2
2

2 2
0 ,2

ˆ
ˆ

11/ .t

x

t
ϕσ

σ σ
 

= +  
 

  (11)

7 Its definition can be found in the section of Proof of Proposition 2 of Appendix A.

The posterior variance of mean log cash flow is a 
decreasing function of firm age (t). As the firm ma-
tures, managers and investors learn about mean 
cash flow from repeated observation of actual cash 
flow. This reduces the investors’ uncertainty re-
garding mean cash flow. There are three other pa-
rameters in formula (11): mean reversion speed ϕ, 
prior variance of mean cash flow σ̂

0
2 and cash flow 

shock σ̂
x,2

2. The posterior variance falls with mean 
reversion speed but has a positive correlation with 
both the idiosyncratic shocks and prior variance 
of mean cash flow, holding other parameters fixed. 
Using the same parameters as before, Figure 3 is 
obtained, which indeed verifies the negative rela-
tion between cash flow uncertainty and firm age. 

The levered firm value may be expressed as an im-
plicit function of the mean (log) cash flow, u̅, as

( )( ){
( )( )

}

1 /

1 /

/

(

/ | ,

)
T

L

t t w w t
t

T T t

T

w t T t
t

V E X C dw

X C

Cdw C u

u π τ π

π τ π

π π π π

= − − +

 + − − + 

+ +

∫

∫

 (12)

where E
t
 denotes the expectation with respect to 

the information set given by F
t
: {H

t
 = (ν

t
, log(X

t
)) : 

0 ≤ ω ≤ t}. Since the mean (log) cash flow is un-
known, managers value the firm by taking the 
expectation of V

t
L(u̅) with respect to the posterior 

distribution of u̅ to solve for E
t
[V

t
L(u̅)]. In the prop-

osition below this solution is provided.

Note: The vertical axis shows posterior volatility. The horizontal axis shows age.

Figure 3. Posterior volatility declines over age
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Proposition 2. With unknown u̅, the solution of the 
levered firm value is expressed as follows:

( ) ( ) ( )
( ) ( )

( ) ( )

10

1

2 20

[ ] 1 , ,

1 , ,ˆ

,

ˆL

t t t t

t t

E V A u x k dk

A u x

CA k dk C

u

A

ε

ε

τ

τ ε

τ τ ε

= − +

+ − +

+ +

∫

∫

 (13)

where ε denotes the time to maturity, A
2
 remains 

the same as equation (9) and 

 ( ) ( ){ }2 2
1 1 ˆ, , * 1ˆ

t t tA u x A exp e ψεε σ−= −  

is where A
1
 defined in equation (8).

Proof is given in the Appendix.

The proof of Proposition 2 uses the properties of 
the log-normal distribution to arrive at a solution 
that depends on both û

t
, the posterior expectation 

of u̅, and σ
t̂
2 the posterior variance of û

t
. The fol-

lowing corollary shows that both û
t
 and σ

t̂
2 posi-

tive effect firm value.

Corollary 5. Levered firm value, as defined by 
E

t
[V

t
L(u̅)], is increasing in both the posterior mean, 

û
t
, and posterior variance σ

t̂
2 of log cash flow. 

It may not be surprising that firm value is increas-
ing in the posterior mean û

t
 Importantly, firm 

value also increases with posterior variance, due 
to the right-skewed properties of the lognormal 
distribution. An increase in posterior variance in-
creases the probability of both negative and posi-

tive outliers, but the effect of the positive outliers 
dominates due to positive skewness. Intuitively, 
the possible gain in value due to the firm being 
unusually successful outweighs the possible loss 
to firm value due failure. While the possible gains 
are essentially unbounded, potential losses are 
limited by the bankruptcy protection implicit in 
the use of the log-normal distribution.

Next corollary investigates how equity value var-
ies with the posterior variance. 

Corollary 6. The leverage ratio decreases with the 
posterior variance.

Proof is given in the Appendix.

Recall from Corollary 4 that firm value is in-
creasing with the posterior variance. Therefore, 
firm value will go up with the rise in the poste-
rior variance, while the leverage ratio will de-
crease since debt value is unaffected by it. Again, 
this is because changes in debt ratios do not de-
pend on managers’ expectation of future cash 
f low. Figure 4 illustrates this positive relation-
ship between posterior variance and the lever-
age ratio. 

This in turn has interesting implications for the 
evolution of firm leverage over the firm life cycle. 
Since the leverage ratio decreases with the poste-
rior variance of log cash flow (Figure 4) and since 
the posterior variance decreases over time (Figure 
3), this implies that the firm leverage ratio increas-
es with firm age.

Note: The vertical axis shows leverage ratio. The horizontal axis shows posterior variance of log cash flow.

Figure 4. Cash flow volatility is inversely related to leverage ratios



58

Investment Management and Financial Innovations, Volume 20, Issue 3, 2023

http://dx.doi.org/10.21511/imfi.20(3).2023.05

The decrease in firm leverage with firm age is a 
direct implication of learning. To illustrate this, 
Figures 5 and 6 provide the contrast of the rela-
tionship between the leverage ratio and firm age 
without learning and with learning. Figure 5 
shows the case without learning in which mean 
(log) cash f low is known. The figure shows a 
nearly horizontal relationship between lever-
age and firm age, with approximately constant 
leverage rates. By contrast the case with learn-
ing shown in Figure 6 shows a clear increase in 
leverage with firm age. This increase is steepest 
for young firms, when both the uncertainty and 
learning are greatest and gradually tapers off 
with firm age, as the uncertainty resolves and 
the learning slows. 

In additional results, omitted to save space, the 
impact of varying the mean reversion speed, ϕ is 
studied. The larger the value of ϕ, the quicker cash 
flow reverts to its mean value and the faster man-
agers learn. This results in a quicker contraction 
in firm value and a more rapid increase in firm 
equity.

4. DISCUSSION

The presented results are consistent with and po-
tentially explain some previous empirical findings. 
Changes in debt ratios are independent of man-
agers’ expectation of future cash flow. Managers 
hesitantly decide to take financing actions and 

Note: The vertical axis shows leverage ratio. The horizontal axis shows age.

Figure 5.  Leverage ratio varies over age without learning

Note: The vertical axis shows leverage ratio. The horizontal axis shows age.

Figure 6. Leverage ratio varies over age with learning



59

Investment Management and Financial Innovations, Volume 20, Issue 3, 2023

http://dx.doi.org/10.21511/imfi.20(3).2023.05

just update their belief about mean cash flow. The 
changes in the belief are manifested in posterior 
variance of expected cash flow. This is in accord-
ance with Welch (2004). Dufresne and Goldstein 
(2001) propose that the leverage ratio is mean-re-
verting. Lemmon et al. (2008) point out that serial 
correlation of the leverage ratio is a major feature 
of leverage ratio and also if a firm initially has a 
low leverage ratio, then the leverage ratio gradual-
ly increases until it reaches a steady level.

The proposed model has an interesting prediction 
for the leverage ratio over the firm life cycle. In 
particular, it suggests that the leverage ratio starts 
low and rises over age. This prediction is consist-
ent with the empirical findings of Kim and Suh 
(2009), who find an inverted U-shape of leverage 
as a function of returns to earning which they em-
ploy as a proxy for firm age. Pastor and Veronesi 
(2003) also report, but do not explain, an interest-
ing pronounced increase in median firm leverage 
ratios with firm age.

As Kim and Suh (2009) and Frielinghaus, Mostert 
and Firer (2005) suggest, these findings may also 
be consistent with the static trade-off theory, cap-
ital structure life theory, and agency cost theory. 
The leverage ratio is intended primarily as a meas-
ure of debt financing, the above expression makes 
clear that it is also sensitive to the market value 
of firm equity, as measured, for example, by the 
firm’s market-to-book ratio.

Building on insights from the asset pricing litera-
ture, particularly Pastor and Veronesi (2003) and 
Ju and Ou (2006), this paper focuses on the life cy-
cle dynamics of the market valuation when there 
is uncertainty about firm prospects, as measured 
by expected cash flow. Uncertainty in this mod-
el arises because managers/investors have only a 
prior distribution of beliefs about expected cash 
flow. Therefore, they will form their beliefs about 
expected cash flow to inform their assessment of 
market equity value, which in turn affects firm 
leverage ratios. This uncertainty reflects the fact 
that investors do not know which young firms 
or startups will be successful and which will not. 
Since downside losses are limited by bankruptcy 
protection,8 whereas the upside potential is virtu-

8 The asymmetry is captured via lognormal distribution without formal modelling bankruptcy.

ally unlimited, risk-neutral investors will gamble 
on the upside potential when firms are young. As 
the firm ages, investors observe repeated realiza-
tions of the firm’s cash flow, from which they learn 
about the firm’s potential. Since most startups will 
not be next Meta (Facebook) or Alphabet (Google), 
this reduces the upside potential for the median 
firm, thereby lowering the firm’s market value rel-
ative to its book value. For a given value of a firm’s 
debt-to-book ratio, this lowers firm leverage.

The resolution of uncertainty captured by the 
proposed model may be most relevant to high-
tech firms with patents, especially when they are 
very young or when they just finish Initial Public 
Offerings (IPOs). Investors or managers in this 
sector gamble on the new technology adopted by 
young firms. Over the first several years of the me-
dian firm’s life, investors learn that its new tech-
nology will not lead it to be the next technology 
giant and trim their assessment of firm value ac-
cordingly. The proposed model captures this effect 
and its implication for firm leverage. Gradually, as 
these firms age and their future prospects become 
more predictable, the normal dynamics of stable 
growth can be expected to replace the initial de-
cline in firm value due to the resolution of uncer-
tainty that is captured succinctly by the model.

It is worth noting that the suggested model does not 
imply a fall in the market-to-book ratio for all young 
firms. Rather, it explains the fall in value for the me-
dian young firm, which turns out not to be the tre-
mendous success that investors had hoped for. For 
these typical firms, as well as for the low-perform-
ing firms, the resolution of uncertainty disappoints 
investors by reducing the upside potential that they 
might have become exceptional investments. Of 
course, some firms do become usually successful, 
and, in their case, the resolution of uncertainty can 
lead to very large gains in firm values. Indeed, it is 
exactly these out-sized returns in a few very lucky 
cases that induce investors to place bets on all new 
firms, thus driving up their initial firm price and 
driving down their initial firm leverage.

The incorporation of Bayesian learning in continu-
ous time capital structure models complicates the 
modelling process. Benzoni et al. (2022) is the on-
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ly paper known to the authors that develops a new 
model to find a closed form solution for the optimal 
capital structure under incomplete information. In 
fact, even without learning, previous capital struc-
ture models appear complex, often requiring nu-
merical solutions for an interpretable result. Yang 
(2013) uses Bayesian uncertainty to explain corpo-
rate structure. In his model, changes are induced by 
differences of opinion between external investors 
and managers who hold divergent beliefs. His mod-
el requires the use of numerical analysis to simulate 
the effect of difference of beliefs on the debt ratio. 
Even the model of Liu et al. (2017) requires very re-
strictive parameter assumptions on the cash flow 
process in order to obtain an analytical solution. 
While this paper obtains an analytical solution for a 
continuum of investors without restrictive parame-
ter assumptions, it does not require strong assump-
tions on firm debts and bankruptcy. 

To provide a tractable analytic solution, this paper 
models firm debt exogenously and focuses strictly 
on the effects of right-tailed uncertainty on lever-
age that flow through the equity valuation channel.9 

9 The lognormal distribution is used to keep equity from going negative and debt is infrequently rebalanced and debt-to-book ratios are 
relatively constant. Also, bankruptcy is added to the model. Incorporating bankruptcy caps downside risk further. If firms pick debt 
according to trade-off model, then their rebalancing may offset equity effects, particularly holding bankruptcy cost fixed. However, 
allowing both bankruptcy and rebalancing, initial greater uncertainty will mean a higher probability of bankruptcy, which will be 
weakened by the high firm value. This discourages debt holding suggesting that at most they only partially rebalance to offset the equity 
effect. The key point is that equity holders and bondholders are affected differently by uncertainty. Equity can take advantage of upside 
potential, while bond holders face only the increased probability of bankruptcy.

This simplifying assumption may be justified given 
the focus on right-tailed uncertainty, which is far 
more important for equity valuation than for bond 
pricing. Simply put, equity investors benefit from, 
and therefore price, right-tailed risk, whereas only 
default, or left-tailed risk is of primary concern for 
bondholders. Although the proposed framework 
indirectly captures the bankruptcy protection af-
forded to equity holders via the log-normality as-
sumption on cash flow, it does not formally model 
the default risks faced by bondholders.

There are still several directions for future research. 
The model is possibly generalized so that managers 
can choose the optimal leverage ratio in the pres-
ence of learning. It may also be an interesting topic 
to study the behavior of the debt ratio in an equilib-
rium environment in which the stochastic discount 
factor is to be endogenized. Learning from peer 
firms’ leverage ratios possibly constitutes another 
theoretical research area of capital structure, as re-
cent papers have empirically found that managers 
are motivated to learn from peer firms’ leverage ra-
tio when making financing decisions.

CONCLUSION

The aim of this paper was to incorporate Bayesian learning into a dynamic model of capital structure 
with a continuum of firm types to explain. This paper proposes a simple dynamic model to explore the 
relationship among the leverage ratio, expected cash flow volatility and firm age. It shows that younger 
firms/start-ups with higher uncertainty can have higher valuation (market-to-book value) compared to 
more established firms with lower uncertainty. It also shows that leverage ratios grow over firm age due 
to learning. Initially, when uncertainty about expected cash flow is high, firm market value is high, and 
this in turn implies a low leverage ratio holding all other factors fixed. However, as cash flow uncertain-
ty decreases with firm age, market values are found to decline slowly. Consequently, the leverage ratio 
increases gradually.

The secondary findings in this paper compared two cases: with no uncertainty about cash flow and with 
uncertainty (and consequently learning) of the cash flows.

For the no uncertainty case, the firm value increases with the mean log cash flow (which is expected), 
but also the firm equity value is convex in mean log cash flow, showing that firm value accelerates with 
increases in mean log cash flows. Without learning, the leverage ratio is decreasing in mean log cash 
flows, and in current cash flow level.
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With learning, the leverage ratio decreases with the posterior variance. In this case, the firm value in-
creases in both posterior mean log cash flows and, in posterior variance of cash flows. What makes this 
finding interesting is that, contrary to conventional logic, higher uncertainty (variance of cash flows) 
can be associated with an increased firm value and decreased leverage.
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APPENDIX A

PROOF OF PROPOSITION 1

The instantaneous cash flow (cash flows and EBIT will be alternatively used over the whole article) is giv-
en by ( ) ,  where t t tf X X Xδ=  is the firms’ EBIT, and ( )tf X  is considered to be firms’ net earnings.

Firms’ log  cash flow is assumed to follow the process below:

( ) ( )( ,1 1 ,2 2 ,1log log ,  where t t x x xd X u X dt dZ dZϕ σ σ σ= − + +  is the standard variance of log  EBIT 
and ,2xσ  is the standard deviation of log  cash flow. In this set up, managers, who are in the interests of 
stockholders, cannot observe the mean of log cash flow and can only learn through past realized coun-
terparts. That is, u  is assumed to be priorly distributed as  ( )00 , .u σ

The firms’ values are given by 

( )( ) ( )({
] ( ) ( ) }

1 / 1

/ 1 / 1 / ,

T

t t t w w t T T

T

t t w i t T i t

V E X c dw X C

Cdt C

π τ δ π π τ δ

π π τ π π τ π

= ∫ − − + − −

+ ∫ − + −

conditional on the information set {:t tF H =  ( )( ) }, log : 0t tv X tω≤ ≤ .

The first term and second term of the right-hand side denote the equity value or cash flow values, while 
the third and fourth value refer to firms’ tax shielding function of debts. tπ  is the stochastic discount 
factor. The stochastic discount factor follows log  normal Brownian process: ,1 1t td rdt dZππ π σ= − −
, and the dynamics of tπ  is driven by the same systematic shock as firms’ cash flows and is correlated 
with cash flow shock.

tV  can be first evaluated by Fubini’s theorem, by which expectation operator moves inside the integra-
tion. Therefore, it is needed to evaluate ( )t tE xπ .

Let ( )logt t tv Xπ= , then tv

t tX eπ =  and also log logt t tdv d d Xπ= + .

It is possible to substitute the process of log td π , after Ito’s lemma is used with respect to tdlogπ  and 
log td X  defined above, and then:

( )(,1 1 ,1 1 ,2 2

1
log ,

2t t x xdv r dt dZ u X dt dZ dZπ π πσ σ σ ϕ σ σ ′= − − − + − + + 
 

( )( ) ( ),1 ,1 1 ,2 2

1
log ,

2t t x xdv r u X dt dZ dZπ π πσ σ ϕ σ σ σ ′= − − + − + − + +


where ,1 0π πσ σ = −  .

Let ( ) ( ), log , , logt t t t tF v X v X′ ′=  is a vector of state variables, a matrix representation of it is given by:

This is a standard multi-dimensional linear process (Duffie, 1996) whose solution is a known closed 
form solution ( ) ( )( )0 0 , ,|T FF F N F T Tµ∼ Σ , where

( ) ( ) ( )

( ) ( )

0 0 0

0

,

( )

T

T

F

F T T F T t Adt

T T t T t dt

µ ψ ψ

ψ ψ

= + −

′ ′Σ = − ΣΣ −

∫
∫
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In this vector form, , , ,2
0
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u r
A B

u

ππ π σ σ σϕϕ σ σ
σ σϕϕ

  − +′ −  − −   = = Σ =     −      

( ) ( ) 1wexpT T wψ −= Λ ⋅ , where Ë  is a diagonal matrix with eigenvalues of the matrix B along the 
principal diagonal. W  is the matrix of the associated eigenvectors. ( )exp TΛ ⋅  denotes the diagonal 
matrix with iTe

λ
 in the diagonal position. After matrix computations, given eigenvalues of ( )Tψ  is 

[ ]0 ϕ−  and its associated eigenvectors are 

1
,

0 1
w

 
=  
 

 ( ) ( )1 0 1 1
exp ,

0 0

T

T T

e
T T

e e

ϕ

ϕ ϕ
ψ

−

− −

 − + 
Λ ⋅ = =   

   
.

The normality of TF  implies that 1T Tv e F=  with ( )1 1,0 , Te v=  is also normally distributed 

( ) ( )( )0 1 0 1 1| , ,T Fv F N e F T e T eµ ′∼ Σ , then one can use the properties for lognormal random variables 

( ) ( ) ( )( ) ( ) ( )1

1 0 1 1

1exp exp ,  .
2

Tt
e Fv

t t FE x E e E e F T e T eπ µ ′= = = + Σ 


It possible to back out conditional variance of tπ  conditional on the information set {:t tF H =  

( )( ) }, log : 0t tv X tω≤ ≤ , using the above derived formula.

Then without learning, the closed form solution for firm value is given by

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 2 20 0
1 , , 1 , , ,t t t i iV A u x k dk A u x CA k dk CA

ε ε
δ τ δ τ ε δ τ τ τ τ ε= − + − + − + −∫ ∫

where ε  denotes the time to maturity, T  is known terminal valuation time. The algebra involved in the 
derivation is tedious and they are available upon request.
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,2 ,1 ,1 ,1'

2

3 1 2 11
exp ,
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x x xe e
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 1 20 0
1 , , C 1 1 , , 1 ,t t tE A u x k dk A k dk A x C Au

ε ε
δ τ τ δ τ ε τ ε= − − − + − − −∫ ∫
( ) ( ) ( ) ( )2 20
1 1 .

s

t i iD CA k dk C Aτ τ ε= − + −∫
As a result, leverage ratio tL  can be evaluated at time t , which is equal to

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0 2 2

0 1 0 2 1 2 0 2 2

1 1
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∫ − − ∫ − + − − − + ∫ − + −

This formula is actually equivalent to t
t

t t

D
L

E D
=

+
, substituting tE  and tD  generates the result. The 

proof of Proposition one is finished.
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Proof	of	Corollary	1

( )( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )

1 10
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∂
∂
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∂

∫

∫
Other proof can be done in the same way. In particular, it is hard to decide the sign of interest rate on the 
equity value and debt value, because the derivative is too complicated. The sign is not straightforward 
to be derived immediately.

Proof	of	Corollary	2

( ) ( ) ( ) ( ) ( ) ( )
2

2 222 2

0

2
1 12

1 1 1 , , (1 ) 1 , , 0t
t t

E
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Proof	of	Corollary	3

( ) ( )20
0

S
t

i
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r
τ ε∂
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( ) ( ) ( ) ( )20
1 1 0

S
t

i i

D
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C
τ τ ε∂

= − + − >
∂ ∫

The effect of cash flow shocks on the debt value is also ambiguous, since the resulting derivative is too 
complicated to decide the sign immediately.

Proof	of	Corollary	4
From the proof of Corollary 1, one can see that Corollary 4 holds.

PROOF OF PROPOSITION 2

If mean log cash flow is unknown, the firm value can be written as

( ) ( )( ) ( )( ){{
( ) ( ) }} ( )

[ ] 1 / 1 /

1 / 1 / | , ,,

T
L

t t t t w w t T T t
t

T

w i t T i t t t t
t

E V E E X C dw X C

Cdt C u

u

u xX E A

π τ δ π π τ δ π

π τ π π τ π ε

 = − − + − − + 
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∫

∫

where ( ), ,tA u x ε  is already defined as 1A  and 2A , based on previous of derived results for them:
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As a result,
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Now leverage ratio tL
  with learning is defined as

 ( ) ( ) ( ) ( )
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To derive the updating process for expected log cash flow, let
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Now denote  ( ) ,tu E ux= =  this is the expectation of x  conditional on the information set 

( )( ){ }: , log : 0t t t tF H v X tω= ≤ ≤ , following Pástor and Veronesi (2003),

define ( )( ) ( )(1 1
0 1 2 ,t t t t t tdz dF E dF d xF F dt zκ κ κ− −= Σ − = Σ − + +   is a standard Weiner process 

with respect to tF . Given a prior distribution at time 0t = ,

( )2
0 0, ,u N u σ∼  the conditional û  satisfies the ( ) 12 2
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Finally, 
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ˆ ˆ
t t t

x

du dz
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=  . Then posterior variance of mean log cash flow satisfies the Riccati 
differentiation 
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Proof	of	Corollary	5

The proof of this part is similar to Corollary 1.

Proof	of	Corollary	6

If the derivative of firm value with respect to 
2
tσ  is taken, it is obvious to see that firm value increases 

with respect to 
2
tσ  and, therefore, for leverage ratios with learning, it is straightforward to see that they 

decrease with posterior variance.
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